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iAbstrat
Consider a losed, smooth manifold M of nonpositive setional urvature.
Write p : UM → M for the unit tangent bundle over M and let R> ⊂ UM
denote the subset onsisting of all vetors of higher rank. This subset is
losed and invariant under the geodesi ow φ on UM . We will dene the
strutured dimension s-dimR> whih, essentially, is the dimension of the set
p(R>) of base points of R>.
The main result holds for manifolds with s-dimR> < dimM/2: For every ǫ >
0 there is an ǫ-dense, ow invariant, losed subset Zǫ ⊂ UM\R> suh that
p(Zǫ) = M . For every point inM this means that through this point there is
a omplete geodesi for whih the veloity vetor eld avoids a neighbourhood
of R>.
Zusammenfassung
Gegeben sei eine geshlossene, glatte MannigfaltigkeitM nihtpositiver Shnit-
tkrümmung. Das Einheitstangentialbündel sei mit p : UM → M bezeihnet
und die Teilmenge aller Vektoren höheren Ranges mit R> ⊂ UM . Diese
Teilmenge ist abgeshlossen und invariant unter dem geodätishen Fluss φ
auf UM . Wir denieren die Strukturdimension s-dimR> von R>, die, im
Wesentlihen, die Dimension der Fuÿpunktmenge p(R>) misst.
Das Hauptergebnis gilt unter der Bedingung, dass s-dimR> < (dimM)/2
gilt: Für jedes ǫ > 0 gibt es eine ǫ-dihte, ussinvariante, abgeshlossene Teil-
menge Zǫ ⊂ UM\R>, für die gilt p(Zǫ) = M . Dies bedeutet, dass es durh
jeden Punkt inM eine vollständige Geodäte gibt, deren Geshwindigkeitsfeld
eine Umgebung von R> vermeidet.
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1 Preliminaries
Before going into detail the introdution in Subsetion 1.1 will give a rough
outline of what this thesis is onerned with. In Subsetion 1.2 the struture
of the text is explained setion by setion. Then Subsetion 1.3 will introdue
the main notation used throughout the thesis. The theory of Riemannian
manifolds of nonpositive urvature as far as onsidered well known is summed
up in Subsetion 1.4 for referene.
1.1 Introdution
Given a omplete Riemannian Manifold M there is a natural ation of R on
the unit tangent bundle UM , whih is alled the geodesi ow and is denoted
by
φ : R× UM → UM.
If γv denotes the unique geodesi dened by the initial ondition γ˙v(0) = v
then φt(v) is the tangent vetor to γv at time t
φt(v) =
d
ds
∣∣
s=t
γv(s).
Flow Invariant Subsets of UM
Suppose γv is a simply losed geodesi of length l. Then the orbit of v under
the geodesi ow is isometri to a irle of perimeter l. This is the simplest
example of a ow invariant subset of UM .
Another simple example of a ow invariant subset of UM is the unit tangent
bundle UN of a totally geodesi1 submanifold N ⊂M .
What other examples of ow invariant subsets of UM an we think of?
In the ase where M is a ompat manifold of stritly negative setional
urvature, there are many interesting results. E. g. the geodesi ow is
ergodi
2
and for almost every geodesi γ in M the set γ˙(R) is dense in
UM . There are many referenes for these results, see for example [Pes81℄.
From Negative to Nonpositive Curvature
Neither ergodiity nor the existene of a geodesi dense in UM holds for the
at torus. But what about those manifolds that are neither at nor stritly
negatively urved?
1
A submanifold N ⊂ M is alled totally geodesi if every geodesi in N is a geodesi
in M .
2
ergodi means that any ow invariant measurable subset of UM has either full measure
or zero measure in UM .
2 1. Preliminaries
The manifolds of nonpositive urvature are lassied by their rank. The rank
of a geodesi is dened to be the maximal number of linearly independent
parallel Jaobi elds along that geodesi. For a manifold the rank is the
smallest rank of its geodesis.
By a result of Werner Ballmann [BGS85, Appendix 1℄ losed manifolds of
higher rank (i. e. rank greater than one) are either produts or loally sym-
metri spaes.
However, manifolds of rank one are similar to manifolds of negative urva-
ture in many aspets. We will use the fat that geodesis in the viinity of
rank one vetors show a behaviour similar to the behaviour of geodesis in
hyperboli spae rather than in Eulidean spae (ompare Proposition 5.2).
Objetive
The aim of this thesis is to generalize an unpublished result of Keith Burns
and Mark Polliott for manifolds of onstant negative urvature to the rank
one ase.
For a ompat manifoldM of onstant negative urvature and a given vetor
v0 ∈ UM , there is a subset Z ⊂ UM with the following properties:
∀
t∈R
φt(Z) = Z (ow invariant)
∃
v0∈W⊂UM open
W ∩ Z = ∅ (not dense)
p(Z) = M. (full)
The onstrution works in a omplete (not neessarily ompat) Riemannian
manifold M of dimension at least three and urvature bounded away from
zero as Viktor Shroeder showed in [Sh00℄.
For a ompat manifoldM of nonpositive urvature Sergei Buyalo and Viktor
Shroeder proved in [BS02℄ that this set Z an be onstruted for every vetor
v0 ∈ UM of rank one. To onstrut Z they proved the following proposition:
Proposition 1.1 ([BS02℄)
Let M be a manifold of nonpositive urvature and dimension at least three
and let v0 ∈ UM be a vetor of rank one. Then for any point o ∈M we an
nd an ǫ > 0 and a geodesi γo passing through o with the property that the
distane between γ˙o(t) and v0 is greater than ǫ for all t ∈ R.
If we take a loser look at the proof we notie that ǫ an be hosen to depend
ontinuously on o and thus if M is ompat we an hoose ǫ globally for all
o ∈M . Thus if we dene
Z :=
⋃
o∈M
γ˙o(R)
1.1 Introdution 3
and W denotes the ǫ-neighbourhood of v0 in UM , we have the desired prop-
erties.
So for every rank one vetor v0 there is a ow invariant, full subset of UM
the omplement of whih ontains a neighbourhood of v0.
In fat, Z an be hosen to be ǫ′-dense for some ǫ′ = ǫ′(ǫ) > 0.
The main result of this thesis is a generalization of this result: Under ertain
onditions on the set of higher rank vetors there is a full, ow invariant
ǫ′-dense subset of UM avoiding an ǫ-neighbourhood of all vetors of higher
rank.
But rst we need to understand the set of vetors of higher rank.
Higher Rank Vetors in a Rank One Manifold
Given a manifold M of rank one the vetors of higher rank (rank(v) > 1)
form a losed subset, say R>. If M is real analyti this subset is subanalyti.
Projeting R> down to M gives another subanalyti set, say Y . In Setion 3
we will desribe subanalyti subsets in more detail. For the moment it suf-
es to think of them as being stratied
3
by a loally nite family of real
analyti submanifolds.
So for a real analyti manifold of rank one the vetors of higher rank are all
tangent to a loally nite union of submanifolds ofM . This fat motivates the
denition of the strutured dimension of a subset of UM in Denition 3.4.
For ow invariant subsets, like R> this is essentially the dimension of the set
of base points:
Denition (s-Dimension) (ompare Remark 3.1)
Suppose R ⊂ UM is a ow invariant subset of the unit tangent bundle.
• An s-support of R is a loally nite union N = ⋃Ni of losed sub-
manifolds of M suh that p(R) ⊂ N . The dimension of N is dened
to be maxdimNi.
• The strutured dimension s-dimR> ofR> is the minimal dimension
of an s-support of R.
Even though there might be dierent s-supports for R and dierent stratia-
tions for the same s-support, the strutured dimension of R is well dened.
3
i. e. they an be written as loally nite union of submanifolds, ompare Denition 3.3
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For any subset R ⊂ UM we have
0 ≤ s-dim(R) ≤ dim(M).
Obviously nontrivial ow invariant subsets of UM ontain at least one geo-
desi and hene have strutured dimension at least one. For a losed totally
geodesi submanifold N ⊂ M the strutured dimension of UN is just the
dimension of N : s-dim(UN) = dim(N) and N is an s-support of UN . Any
full subset of UM (i. e. it overs all of M under the base point projetion)
has strutured dimension dim(M).
So the simplest example of a ow invariant subset of s-dimension one is the
set of tangent vetors to a a nite olletion of simply losed geodesi.
Main Theorem
Now we have the means to state the main theorem whih will be proved in
Setion 9.
Theorem 9.2
Let M be a ompat manifold of nonpositive urvature. Suppose the s-
dimension of the set of vetors of higher rank R> is bounded by
s-dim(R>) < dimM
2
.
Then for every ǫ > 0 there is a losed, ow invariant, full, ǫ-dense subset Zǫ
of the unit tangent bundle UM onsisting only of vetors of rank one.
Notie that UM\Zǫ will be a neighbourhood of R>. Flow-invariant means
that Zǫ onsists of veloity elds of geodesis. Sine Zǫ is full, we an nd
a geodesi through every point in M , in fat our proof will show that initial
vetors of suh geodesis are even ǫ-dense in UoM for any given point.
1.2 Struture of this Thesis
Here is a short survey on the setions of this thesis, on their purpose and the
main results.
Setion 1: This setion onsists of an introdution, a summary of the thesis
and introdues the main notation.
Setion 2: To dene the rank of geodesis and manifolds we need to better
understand the tangent bundle TTM of the tangent bundle TM . Elements of
this objet orrespond to Jaobi elds in the manifold. Working with TTM
might seem a bit ompliated at rst glane but one we have established
the onnetion to Jaobi elds the desired results pop up easily.
Setion 3: By now we know that the vetors of lowest rank form an open
subset of UM . For real analyti manifolds we an desribe its losed om-
plement more preisely. In fat, all the sets of vetors of onstant rank form
subanalyti subsets of UM . This motivates the denition of the strutured
dimension and is applied in Setion 4.
Setion 4: This setion introdues the notation for spheres and horo-
spheres in a Hadamard manifold X . If the opposite is not expliitely stated
we will always onsider spheres and horospheres as objets in UX rather
than in X , by identifying outward orthogonal vetors with their base points.
Both, in X and UX the horospheres an be understood as limits of spheres
of growing radius. This onvergene is uniform on ompat subsets.
Summing up all we know about higher rank vetors on real analyti mani-
folds of rank one we get a result that stands a little apart from the other
results of this thesis. But it is interesting in its own right. The idea for the
proof arose from a disussion with Sergej Buyalo and Viktor Shroeder.
Corollary 4.7
Let X be an analyti rank one Hadamard manifold with ompat quotient.
Then for any horosphere or sphere in UX the subset of rank one vetors is
dense.
Setion 5: Here we show that in the viinity of rank one vetors geodesis
have some widening property that reminds one of geodesis in hyperboli
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spae. The proof goes bak to Sergei Buyalo and Viktor Shroeder in [BS02℄.
We improve the result slightly, whih will be neessary in the following.
Setion 6: In this setion we desribe the onstrution by Sergei Buyalo
and Viktor Shroeder in [BS02℄ as far as it is neessary for the understanding
of our onstrution in the higher rank ase.
Setion 7: Suppose X is a Hadamard manifold with ompat quotient
M = X/Γ and R ⊂ X a Γ-ompat submanifold. Fix a sphere S of large
radius, say L. Given an outward orthogonal vetor to S, we want to nd a
lose vetor on S whih is omparably far away from UR.
Obviously we have to impose some dimensional restrition on R. But if dimR
is small enough (when ompared to dimX) we an even nd a ontinuous
deformation ΨL of UX\UR into UX\Wǫ(UR) whih sends every vetor to
an vetor that is outward normal to the same sphere of radius L. This
deformation moves every vetor by less than C to a vetor that is farther
than ǫ away from UR.
The result generalizes to the ase where R is stratied by submanifolds of
restrited dimension. This is an important step towards avoiding the set of
higher rank vetors, if its strutured dimension is small.
Setion 8: Putting together what we learned in the other setions we get
the rst result. For any given point there are many geodesi rays starting in
that point and avoiding a neighbourhood of all vetors of higher rank
4
:
Proposition 8.7
Let X denote a rank one Hadamard manifold with ompat quotient M =
X/Γ. Suppose s-dim(R>) < dimX − 1 then there are onstants ǫ and c suh
that for any η < ǫ there is an η′ < η for whih the following holds:
For any ompat manifold Y with
dim Y < dimX − s-dimR>
and any ontinuous map v0 : Y → UoX from Y to the unit
tangent sphere at a point o ∈ X we an nd a ontinuous map
v∞ : Y → UoX whih is cη-lose to v0 and satises
d(R>, φR+(v∞)) ≥ η′.
4
Here R> denotes the subset of UM onsisting of all vetors of higher rank.
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So on a surfae we have many geodesi rays avoiding all vetors of higher
rank if there are only nitely many geodesis of higher rank whih are all
losed. There are many examples of surfaes for whih this is true, as the
onstrution by Werner Ballmann, Misha Brin and Keith Burns in [BBB87℄
shows.
Setion 9: So now we know that every point is the initial point of many
geodesi rays whih do not ome lose to any vetor of higher rank. But
we are interested in ow invariant subsets of UM and therefore we have
somehow to nd two geodesi rays adding up to give a full geodesi. This
an be done using a topologial argument on UoX , the unit tangent sphere
at our starting point o. This gives a stronger restrition on the strutured
dimension of R>:
Theorem 9.1
Let X denote a rank one Hadamard manifold with ompat quotient M , and
suppose that
s-dim(R>) < dimX
2
.
Then there are onstants ǫ and c suh that for any η < ǫ there is an η′ < η
with the following property:
For every vetor v0 ∈ UX there is a cη-lose vetor v with the same base
point suh that γv avoids an η
′
-neighbourhood of all vetors of higher rank.
An immediate onsequene is our main result,
Theorem 9.2
Let M be a ompat manifold of nonpositive urvature. Suppose the s-
dimension of the set of vetors of higher rank R> is bounded by
s-dim(R>) < dimM
2
.
Then for every ǫ > 0 there is a losed, ow invariant, full, ǫ-dense subset Zǫ
of the unit tangent bundle UM onsisting only of vetors of rank one.
Appendix : This appendix gives a short introdution to the theory of
manifolds and Riemannian manifolds without proofs. Many of the terms are
used throughout this thesis and some of the notation might not be standard.
1.3 Notation
In this setion we introdue the notation as used throughout the text. The
terminology should be standard. However, should problems arise, please
refer to the appendix on smooth manifolds or to the index to nd deni-
tions or further explanations. A general referene is the book by Takashi
Sakai [Sak96℄.
Manifold
M denotes a ompat, nonpositively urved Riemannian manifold of dimen-
sion n. Usually we will expet M to be smooth (C∞), but sometimes it will
be useful to onsider the real analyti ase. If M is an analyti manifold this
will be said expliitly.
Tangent Bundle
By TM we denote the tangent bundle over the manifold M . The unit tan-
gent bundle will be denoted by UM . The base point projetion is the bundle
map p : TM → M , respetively p : UM → M . TM is a 2n-dimensional
Riemannian manifold with (2n − 1)-dimensional submanifold UM , both of
the same dierentiability as M .
We write 〈., .〉p for the salar produt on TpM given by the Riemannian met-
ri and might omit the indexed p where there is no danger of ambiguity.
〈., .〉p denes the distane funtion d(., .) on M . A geodesi γ : R → M will
be a geodesi with respet to the metri d. For v ∈ TM the geodesi γv is
the unique geodesi with γv(0) = p(v) and γ˙v(0) = v. Most of the time we
will onsider unit speed geodesis only, i. e. γv with v ∈ UM . The geodesi
ow at time t will be denoted by φt. It an be understood as an ation of R
on either TM or UM .
Universal Covering
The universal overing of M will be denoted by π : X → M .
In general X will denote a Hadamard manifold with ompat quotient, i. e. a
omplete, simply onneted manifold of nonpositive urvature whih admits
an ation of a group Γ suh thatM = X/Γ is a ompat manifold overed by
the projetion π : X → X/Γ. Notie that in this ase Γ denotes the group
of dek transformations of π : X →M , i. e. the subgroup of isometries σ
of X satisfying π ◦ σ = π.
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We write TX , respetively UX for the (unit) tangent bundle over X and
write p for the base point projetion. The overing map π indues a overing
map dπ : UX → UM by the following diagram:
UX
dπ−−−→ UM
p
y yp
X
π−−−→ M.
X arries a Riemannian struture indued by the struture onM and denoted
by
〈u, v〉x := 〈dπ(u), dπ(v)〉π(x) (= π∗〈u, v〉) .
Γ-Invariane
Throughout this text we will be onerned with strutures of X and UX that
arise from strutures on M and UM . For example if you take the preimage
under π : X → M of a ompat subset of M , it is not neessarily ompat
itself. But still it will inherit some nie properties from the underlying om-
pat set. We use the following terms.
A subset C of X is alled Γ-invariant if ΓC = C, i. e. σ(p) ∈ C for all
σ ∈ Γ and p ∈ C. A subset C ⊂ UX is alled Γ-invariant, if for all v ∈ C
and all σ ∈ Γ it holds dσ(v) ∈ C.5 For any element x of X , respetively
UX the Γ-orbit of x is the smallest Γ-invariant subset of X , respetively
UX ontaining x. A map is alled Γ-ompatible (or ompatible with the
ompat quotient struture) if it is onstant on orbits. A subset C of X ,
respetively UX , is alled Γ-ompat if it is Γ-invariant and has ompat
image under the projetion π : X → M .
Remember that in a rst ountable spae ompatness oinides with se-
quential ompatness. The following lemma is an equivalent to sequential
ompatness for Γ-ompat sets.
Lemma 1.2 (Γ-Compatness)
Suppose X is a Riemannian manifold with ompat Riemannian quotient
M = X/Γ. Suppose C is a Γ-ompat subset of X and c : X → Q a Γ-
ompatible map.
Then for any sequene (yi)i∈N of points in C suh that c(yi) → c0 there is a
sequene (y′i)i∈N of points in C suh that
5
Notie that UM = UX/Γ˜ for Γ˜ := {dσ | σ ∈ Γ} if M = X/Γ. So saying that C ⊂ UX
is Γ-invariant as a subset of the unit tangent bundle of X is equivalent to saying that it is
Γ˜-invariant as a subset of the manifold UX .
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1. y′i → y ∈ C and
2. (π(y′i))i∈N is a subsequene of (π(yi))i∈N and hene c(y
′
i)→ c0.
Note that c(y) = c0 if c is ontinuous.
Proof of Lemma 1.2: Sine π(C) is ompat we an nd a onverging
subsequene π(yι(i)) → z ∈ π(C). Fix y ∈ π−1(z) and a ountable basis of
neighbourhoods {Uk} of y in X . The images π(Uk) are neighbourhoods of
z in M . There are therefore innitely many π(yi) ontained in any of the
π(Uk). Fix a sequene zi = π(yj(i)) ∈ π(Ui) where yj(i) is a subsequene of yi
as follows. Dene j(0) := 0 and reursively
j(i+ 1) := min{j > j(i) | π(xj) ∈ π(Ui+1)} and zi+1 := π(xj(i+1)).
Now hoose y′i ∈ π−1(zi) ∩ Ui to get the desired sequene. ✷
Neighbourhoods
There is a anonial Riemannian metri, the Sasaki metri, on the manifolds
TM , TX , UM and UX whih will be introdued in Setion 2.1. So we have
salar produts 〈., .〉 on the tangent spaes and we an talk about distanes
d(u, v) between tangent vetors in e. g. UM or TX and hene about neigh-
bourhoods in these spaes. In general we will use the same notations for
vetor bundles as for the original manifolds, sine they are manifolds, too.
With one exeption, though:
Sometimes we will have to talk about neighbourhoods of points and neigh-
bourhoods of vetors in their respetive spaes. To distinguish these we use
the following notation. Write
Uǫ(p) := {q ∈ X | d(p, q) < ǫ}
for the ǫ-neighbourhood of a point p ∈ X and
Wǫ(v) := {u ∈ UX | d(u, v) < ǫ}
for the ǫ-neighbourhood of a vetor v ∈ UX . We will see that for two
vetors u, v
d(p(u), p(v)) ≤ d(u, v) and p(Wǫ(v)) = Uǫ(p(v)).
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Spheres and Horospheres
A sphere in X an be dened by its radius r and one outward pointing vetor
v ∈ UX . We will do this and write Sv(r) for this sphere in X . In fat we will
be more interested in the set of outward pointing vetors to this sphere. This
is a subset of UX whih we will all the sphere of radius r in UX dened by
v and we will denote by Sv(r).
A similar notation will be used for horospheres. Hv(r) will denote a horo-
sphere in X while Hv(r), the set of outward pointing vetors of Hv(r), will
be alled a horosphere in UX .
Rank
For every vetor v ∈ UX and every geodesi inX we dene its rank rank(v) ∈
{1, 2, . . . , n}. The subset of UX onsisting of all vetors of rank one will be
denoted by R1. A vetor v ∈ UX with rank(v) > 1 will be alled a vetor of
higher rank. The set of all vetors of higher rank will be denoted by R>.
1.4 Manifolds of Nonpositive Setional Curvature
In this setion we state results from [BBE85℄ and [BGS85℄ for a manifoldX of
nonpositive urvature. Several useful strutures and notions are introdued
whih we will use throughout the text.
Convexity
Reall that a funtion f : R→ R is onvex if f(t) ≤ f(a)+ t−a
b−a
(f(b)−f(a))
holds for all a < t < b. If f is smooth then this is equivalent to f ′′ ≥ 0.
A map f : M → R from a smooth manifold with linear onnetion into
the reals is alled onvex if it is onvex for every restrition to a geodesi
f ◦ γ : R→ R.
Lemma 1.3
Suppose M is a Riemannian manifold of nonpositive setional urvature. Let
γ denote a geodesi and J a Jaobi eld along γ. Then the funtion
t −→ ‖Jt‖
is onvex.
If M is furthermore simply onneted then the following maps are onvex,
too,
t −→ d(γ(t), σ(t))
(p, q) −→ d(p, q)
p −→ d(p,N).
where σ is another geodesi and N is a totally geodesi 6 submanifold of
M .
It is easy to see that ‖J‖ is onvex:
‖J‖′′ =
√
〈J, J〉′′ = 1
2
(
〈J ′, J〉√〈J, J〉
)′
=
1
2‖J‖3
(
〈J ′′, J〉‖J‖2 + ‖J ′‖2‖J‖2 − 1
2
〈J ′, J〉2
)
=
1
2‖J‖3
(
− 〈R(J, γ˙)γ˙, J〉︸ ︷︷ ︸
∼K(J,γ˙)≤0
‖J‖2 + 1
2
‖J ′‖2‖J‖2 + 1
2
(‖J ′‖2‖J‖2 − 〈J ′, J〉2)︸ ︷︷ ︸
≥0
)
≥ 0
6
I. e. all geodesis in N are geodesis in M
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The means to prove the seond part of the lemma is the seond variation
formula. Suppose hs(t) is a variation of the geodesi γ(t) = h0(t) and denote
by Xt =
∂
∂s
∣∣
s=0
hs(t) the variational vetor eld along γ. Then for the length
funtion L(s) := L(hs) we have
L′′(0) =
1
‖γ˙‖
∫ b
a
(〈∇
dt
X⊥,
∇
dt
X⊥
〉
− 〈R(X⊥, γ˙)γ˙, X⊥〉) dt
− 1‖γ˙‖
〈∇
∂s
∂h
∂s
, γ˙
〉∣∣∣∣
(0,a)
+
1
‖γ˙‖
〈∇
∂s
∂h
∂s
, γ˙
〉∣∣∣∣
(0,b)
where X⊥ := X − 〈X,γ˙〉
‖γ˙‖2
γ˙ and [a, b] is the range of t.
Toponogov's Theorem
An important tool when dealing with manifolds of bounded urvature are
omparisons with model spaes of onstant urvature.
Consider three points p, x, y ∈ X and write γ, resp. σ, for the shortest
geodesis joining p to x, resp. y, parametrized suh that γ(0) = p = σ(0)
and γ(1) = x and σ(1) = y. By Lemma 1.3 the funtion t 7→ d(γ(t), σ(t)) is
onvex and hene d(γ(s), σ(s)) ≤ sd(x, y) holds for all s ∈ [0, 1]. In Eulidean
spae equality holds and we onlude
Lemma 1.4
Suppose p, x, y ∈ X and p′, x′, y′ ∈ R2 are triples of points in a manifold X
of nonpositive urvature and in R2 respetively, suh that d(p, x) = d(p′, x′),
d(p, y) = d(p′, y′) and d(x, y) = d(x′, y′). Let γ, resp. σ, denote a shortest
geodesis joining p to x, resp. y (suh that γ(1) = x and σ(1) = y), and
let γ′, resp. σ′, denote shortest geodesis joining p′ to x′, resp. y′ (suh that
γ(1) = x′ and σ(1) = y′).
Then for all s ∈ [0, 1]
d(γ(s), σ(s)) ≤ d(γ′(s), σ′(s)).
In fat, if equality holds the triangles∆(p, x, y) and ∆(p′, x′, y′) are isometri.
This is the rigidity result ontained in
Theorem 1.5 (Toponogov's Comparison Theorem)
Let X denote a manifold of nonpositive urvature. Suppose p, x, y ∈ X and
p′, x′, y′ ∈ R2 are given points, γ, resp. σ, are shortest geodesis from p to x,
resp. y, and γ′, resp. σ′, are shortest geodesis from p′ to x′, resp. y′, suh
that
d(p, x) = d(p′, x′) d(p, y) = d(p′, y′) L(γ) = L(γ′) L(σ) = L(σ′).
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Then
• if ∡p(x, y) = ∡p′(x′, y′) then d(x, y) ≥ d(x′, y′),
• if d(x, y) = d(x′, y′) then ∡p(x, y) ≤ ∡p′(x′, y′)
and if equality holds in either ase then the points p, x, y are ontained in a
totally geodesi at triangle in X .
Remark 1.1
• For any triple of side lengths satisfying the triangle inequality we an
nd a triangle in R2 with the same side length. Similarly for any given
lengths of two sides and a given angle between these sides we an nd
a triangle in R2 with the same onstellation. Therefore for any given
points p, x, y ∈ X we an nd a omparison triangle in R2 suh that
Toponogov's Theorem applies.
• An easy onsequene of Toponogov's Theorem is that for any triangle
in X the sum over the inner angles is less or equal to π and equality
holds only for totally geodesi at triangles.
Hadamard Manifold
By the Theorem of Hadamard/Cartan for a nonpositively urved, om-
plete manifold the exponential map is a overing map when restrited to any
tangent spae. So if we x any p ∈ M the map expp : TpM → M is a ov-
ering map. Sine the tangent spae is dieomorphi to Rn whih is simply
onneted, we onlude that the universal overing of a manifold of nonpos-
itive urvature is always dieomorphi to Rn. A simply onneted manifold
of nonpositive urvature is alled a Hadamard manifold.
Now let X be a Hadamard manifold7 of dimension n. Reall that by Lem-
ma 1.3 the distane funtion on X is onvex. Two vetors v, w ∈ UX are said
to be asymptoti if d(γv(t), γw(t)) is bounded for t ∈ R+. The quotient of
UX under this equivalene relation is alled the boundary at innity, the
boundary sphere or the sphere at innity. We denote it by ∂X and write
γv(∞) for the equivalene lass of v. For any p ∈ X there are two bijetions
of UpX onto ∂X by v 7→ γv(∞) and v 7→ γ−v(∞) =: γv(−∞), respetively.
These indue the topology of the sphere on the boundary. Sometimes it is
neessary to onsider the union of X and its boundary sphere. We write
7
It would be suient, if X was simply onneted without onjugate points. But sine
we will only work with nonpositive urvature, we will only enounter Hadamard manifolds.
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X(∞) := X ∪ ∂X . There is a natural topology8 on X(∞) suh that the
topologial subspaes X and ∂X are equipped with their original topology
and X is a dense, open subset of X(∞).
Tits Metri
For a Hadamard manifold X there are two omplete metris of interest on
∂X .
The angle metri ∡ is dened by
∡(ξ, ζ) := sup
p∈X
∡p(ξ, ζ)
where ∡p(ξ, ζ) denotes the angle between two geodesi rays γ and σ starting
in p suh that γ(∞) = ξ and σ(∞) = ζ .
The asymptoti growth rate l is another metri on ∂X dened as follows:
Fix x ∈ X . For ξ, ζ ∈ ∂X take two unit speed geodesis γ and σ starting in
x with γ(∞) = ξ and σ(∞) = ζ . Now dene
l(ξ, ζ) := lim
t→∞
d(γ(t), σ(t))
t
.
This metri is related to the angle metri by the equation
l(ξ, ζ) = 2 sin
(
∡(ξ, ζ)
2
)
.
The Tits metri Td is the inner (pseudo)-metri on ∂X with respet to
either of the above metris, i. e.
Td(ξ, ζ) := inf
{
L(c)
∣∣ c ontinuous urve in ∂X joining ξ to ζ} ∈ [0,∞].
The Tits metri indiates whether two points on the boundary an be joined
by a geodesi in the manifold.
Lemma 1.6 ([BGS85, p.46℄)
• If Td(ξ, ζ) > π then there is a geodesi γ in X joining ξ to ζ (i. e.
γ(−∞) = ξ and γ(∞) = ζ).
• If γ is a geodesi inX then Td(γ(−∞), γ(∞)) ≥ π and equality implies
that γ bounds a at half plane.
8
the one topology, see [EHS93℄
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Horospheres
Now we an dene the stable and unstable bundle over X
W u(v) := {w ∈ UX | γv(−∞) = γw(−∞)} (unstable)
W s(v) := {w ∈ UX | γv(∞) = γw(∞)} (stable)
whih are subbundles of UX . The partition of UX into these bundles is
alled the stable foliation, respetively unstable foliation. For every
v ∈ UX the leaves W u(v) and W s(v) are n-dimensional C2-submanifolds of
UX . Notie that the leaves are invariant under the geodesi ow and that
W u(v) = W s(−v).
We an further foliate the leaves of the unstable foliation by means of the
Busemann funtions:
Dene the generalized Busemann funtion
b : UX ×X −→ R
(u, p) 7−→ lim
t→∞
d(γ−u(t), p)− t.
This funtion is ontinuous and for every v ∈ UX the Busemann funtion
bv := b(v, .) is of lass C
2
. For two vetors u, v ∈ UX the dierene bv − bu
is onstant if and only if the vetors −u and −v are asymptoti, i. e. if
W u(v) = W u(u). In this ase
bv(p(φt(u))) = bv(γu(t)) = bv(p(u)) + t.
For any v ∈ UX, the gradient eld grad bv : X → UX is a C1-diffeomorph-
ism onto W u(v). Classially Hv := b
−1
v (0) is alled the horosphere entered
at γv(−∞) through p(v) or the horosphere determined by v. However we
prefer to think of the horosphere as an objet in UX and write Hv :=
grad bv(b
−1
v (0)); traditionally the foliation of UX into these horospheres in
UX is alled the strong unstable foliation. If we need to distinguish
we will refer to Hv := p(Hv) = b−1v (0) as the horosphere in X . The
strong unstable and strong stable foliation are ontinuous foliations
of the unstable and stable foliation, respetively. The leaves are (n − 1)-
dimensional C1-manifolds in UX . Notie the behaviour under the geodesi
ow
φt(Hv) = Hφt(v).
Parallel Vetors
Among the asymptoti vetors the parallel vetors play a speial rle. Two
1.4 Nonpositive Curvature 17
vetors v, u ∈ UX are said to be parallel, if they are asymptoti and −u
and −v are asymptoti, too.
Lemma 1.7
For any u, v ∈ UX the onditions
1. u and v are parallel vetors
2. d(γu(t), γv(t)) is onstant in R
(i. e. γu and γv are parallel geodesis)
3. d(γu(t), γv(t)) is bounded in R
4. u ∈ W u(v) ∩W s(v)
5. W u(v) = W u(u) and W s(v) = W s(u)
6. γu and γv span a at strip
(i. e. the onvex hull of the geodesis is a totally geodesi, at subman-
ifold of X)
are equivalent.
Furthermore the following holds for parallel vetors u, v with u 6= γ˙v(R)
1. γu and the geodesi joining p(u) to p(v) span a at plane
2. the restrition of expp(u) to the subspae 〈{u, exp−1p(u)(p(v))}〉 of UX is
an isometry onto the image.
Being parallel is an equivalene relation: Suppose d(γv(t), γui(t)) = δi for all
t ∈ R. Then d(γu1(t), γu2(t)) ≤ δ1 + δ2 is bounded and hene onstant, too.
We write v¯ for the equivalene lass of v, i. e. the set of all vetors parallel
to v.
v¯ := W u(v) ∩W s(v)
Stable and Unstable Jaobi Fields
A Jaobi vetor eld J is alled stable, respetively unstable, if ‖J(t)‖ is
bounded for t > 0, respetively t < 0. The Jaobi eld J is alled parallel
if ‖J(t)‖ is bounded for all t ∈ R. For every geodesi γv and any vetor
w ∈ Tp(v)X there is a unique stable Jaobi eld Js along γv with Js(0) = w
and a unique stable Jaobi eld Ju along γv with J
u(0) = w. A Jaobi eld
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is obviously parallel, if and only if it is stable and unstable.
As the name suggests, stable and unstable Jaobi elds are losely related to
the stable and unstable foliation. There is a anonial identiation ξ 7→ Jξ
of elements of TTX with Jaobi elds. We will desribe this in Setion 2.2
in more detail. It is then easy to show that Jξ is a stable Jaobi eld along
γv if and only if ξ is an element of the tangent bundle TW
s(v) of the stable
leaf of v. An analogue result holds for unstable and parallel Jaobi elds.
2 Rank and Flatness
The rank of a geodesi is the maximal number of linearly independent par-
allel Jaobi elds along that geodesi. In this setion we will identify Jaobi
elds with elements of TTX . This way it is easy to see that the rank is
semiontinous. If we think of parallel Jaobi elds as `innitesimal ats' the
nite equivalent is the atness, desribing how many independent ats there
are along a geodesi.
As will be shown in Subsetion 5 rank one vetors show hyperboli behaviour.
In Subsetion 4 we will see that in the real analyti setting higher rank ve-
tors might be integrated to nd ats.
Keep in mind that we will always work with omplete manifolds that are
smooth or even real analyti.
2.1 Horizontal and Vertial Struture
If X is any C∞-manifold, then the tangent bundle TX and the unit tangent
bundle UX are C∞-manifolds in a natural way. Consider UX as a subman-
ifold of TX .
We have the base point projetions p : TX −→ X and p′ : TTX −→ TX .
Consider the dierential dp of the projetion (Dened by dp(ξ) := d
dt
∣∣
t=0
(p ◦
σ(t)) where σ is a urve in TX with σ˙(0) = ξ).
TTX
dp−−−→ TX
p′
y yp
TX −−−→
p
X
For any v ∈ TX we get a linear map dvp : TvTX → Tp(v)X with n-
dimensional kernel Vv := ker dvp = TvTp(v)X ⊂ TuTX . We an restrit
p′ to the union of these Vv to get the vertial bundle V over TX . If we
have a Riemannian metri g on X , we an dene a omplementary bundle
H , the horizontal bundle (f. [Sak96, p. 53 II,4.1℄):
For any vetor v ∈ TX and any geodesi c : I → X with c(0) = p(v) let c‖t0v
desribe the vetor in Tc(t)X one gets by parallel transport of v along c|[0,t].
Dene the map
h−1v : Tp(v)X −→ TvTX
u 7−→ ∂
∂t
∣∣∣
t=0
(γu‖t0v)
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whih is an isomorphism onto the image Hv := Im(h
−1
v ). Thus we have
Hv =
{
X˙(0)
∣∣∣ X : I → TX parallel along a geodesi
γ : I → X with γ(0) = p(v) and X(0) = v
}
and in the ase of a Hadamard manifold we an identify the elements of H
with the parallel vetor elds on X . This is a one-to-one relation.
It is an easy alulation to show that dp◦hu = id
∣∣
Tp(u)X
. Hene TuTX = Hu⊕
Vu and (dp
∣∣
Hu
)−1 = h−1u . We interpret dp as projetion onto the horizontal
bundle and therefore write h for dp. The projetion onto the vertial bundle
is the natural homomorphism vu : Vu = TuTp(u)X → Tp(u)X dened by
v−1u (w) :=
d
dt
∣∣
t=0
(u+ tw) whih is extended to the whole TTX by v
∣∣
H
= 0.
Another way to dene v(ξ) for ξ ∈ TTX is by
v(ξ) :=
∇
dt
(γ′ξ(t))
where γ′ξ is a urve
9
in TX with γ˙′ξ(0) = ξ, and
∇
dt
is the ovariant derivative
along the urve p ◦ γ′ξ.
If we restrit ourselves to UX we an dene the vertial and horizontal bundle
in an analogous way. The resulting vertial bundle is an (n− 1)-dimensional
vetor bundle over UX , the resulting horizontal bundle is the restrition of
H to
⋃
v∈UX
Hv.
Using the projetions h and v we an dene a Riemannian metri, the Sasaki
metri on TX via the salar produt whih is determined by the fats that
H and V are orthogonal bundles and the projetions hu
∣∣
Hu
and vu
∣∣
Vu
are
isomorphisms:
〈ξ, ζ〉 := 〈h(ξ), h(ζ)〉+ 〈v(ξ), v(ζ)〉
The resulting metri on TX or UX respetively will be denoted by d(., .).
Consider a geodesi γ in X . γ˙ is a parallel vetor eld along γ. γ˙ is hene a
geodesi in TX all of whose tangent vetors are horizontal. As a onsequene
d(γ˙(0), γ˙(1)) = d(γ(0), γ(1)) holds for any shortest geodesi and for any two
vetors u, v ∈ TX we have d(u, v) ≥ d(p(u), p(v)).
On the other hand, any urve in Up(u)X has only vertial tangent vetors. It
may therefore be onsidered as a urve in Sn−1. We onlude that d(u, v) ≤ π
if u and v have ommon base point. Furthermore in this ase d(u, v) is exatly
9
We will see that TX is a Riemannian manifold, hene we ould take a geodesi in TX
here.
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the angle between the geodesis γu and γv.
We sum up these results for the Riemannian metri d on UX :
Proposition 2.1
If γ
∣∣
[0,t]
is any shortest geodesi in X and u ∈ Uγ(0)X any unit vetor, then
d(u, γ˙(t)) ≤ d(γ(0), γ(t)) + ∡ (γ˙(0), u)
More generally for parallelly transported vetors we get (w ∈ Uγ(t)X)
d(u, w) ≤ d(γ(0), γ(t)) + d(γ
∥∥t
0
u, w) = d(p(u), p(w)) + ∡(γ
∥∥t
0
u, w).
If the onneting geodesi γ between any two points is unique (e. g. if X is
a Hadamard spae), we an dene another `metri' on UX by the seond
estimation:
d1(u, w) := d(p(u), p(w)) + ∡(γ
∥∥t
0
u, w)
In this ase, d1 is ontinuous as an be seen by rewriting
∡(γ
∥∥t
0
u, w) = arccos〈γexp−1(p(w))‖10u, w〉.
d1 is an upper estimation of d. It is not a metri itself, sine it needs not
satisfy the triangle inequality. Still it is an appropriate means for estimating
loal distanes, sine the sets
W1ǫ (w) := {u ∈ UX | d1(u, w) < ǫ}
onstitute a basis of the topology dened by d. I.e.
∀
u∈UX
∀
δ
∃
ǫ
Wǫ(u) ⊂ W1δ (u) ⊂ Wδ(u)
where Wδ(u) denotes the δ-neighbourhood of u in UX with respet to the
metri d. If X has a ompat quotient, ǫ may be hosen globally
∀
δ
∃
ǫ
∀
u∈UX
Wǫ(u) ⊂ W1δ (u) ⊂ Wδ(u).
Thus we may work with d1 instead of d whenever this is more onvenient.
Lemma 2.2
Suppose X is a Riemannian manifold dieomorphi to Rn whih has a om-
pat quotient. Then there is a onstant ν ∈]0, 1] and a neighbourhood N of
the diagonal in X ×X suh that
(u, v) ∈ N =⇒ νd1(u, v) < d(u, v) < d1(u, v).
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2.2 Flats and Jaobi Fields
An important task when onsidering manifolds of nonpositive urvature is
to nd behaviour that is similar to the Eulidean or hyperboli ase. In
this setion we want to motivate the idea that loally at behaviour an
be assigned to parallel Jaobi elds. We introdue atness and rank of a
geodesi to measure the `at' behaviour in the viinity of the geodesi.
Flat Strips
A at or a plane in a manifoldM is an isometri embedding of Eulidean R2
into the manifold. A at strip is the isometri embedding of the open subset
]a, b[×R of Eulidean plane R2 into a manifold X . Obviously, whenever we
have an embedded at or at strip we have some geodesis that behave like
geodesis in Eulidean spae. To be more preise, a at strip is in fat a
geodesi variation h : I × R → M onsisting of parallel geodesis hs. Here
parallel means that for any two s1, s2 the distane d(hs1(t), hs2(t)) is onstant
in t.
In this ase the variational vetor eld X of h is a parallel Jaobi eld along
h0, it hene satises
X ′ = 0 (parallel)
R(X, γ˙)γ˙ = 0 (Jaobi equation)
Notie that in the real analyti ase it sues if these dierential equations
are satised for a small intervall. Furthermore, in the real analyti ase, ev-
ery at strip is part of a at.
So parallel Jaobi elds may arise as variational vetor elds of geodesi vari-
ations. There are, however, parallel Jaobi elds whih are not variational
vetor elds of at strips. We onsider these innitesimal at strips.
We will dene for every geodesi a number that measures how muh atness
and innitesimal atness we enounter in its viinity. To this end we identify
Jaobi elds with element of the tangent bundle TUM of UM .
Jaobi Fields and TTM
There is a natural identiation of elements ξ ∈ TTM with a Jaobi eld
Jξ ∈ J(γp′(ξ)) satisfying Jξ(0) = h(ξ) and J ′ξ(0) = v(ξ) where h and v are
the horizontal respetively vertial projetion TvUM → Tp(v)M . The map
J : TTM → J is a bijetion onto the set of all Jaobi elds along geodesis
in M . Every vetor in ξ ∈ TTM is uniquely identied by a point p :=
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p ◦ p′(ξ) ∈ M , and the three vetors p′(ξ), h(ξ), v(ξ) ∈ TpM . In fat the
following submanifolds of TTM an be dened by the respetive equations:
Manifold Conditions Dimension
TTM 4n
TuTM p
′(ξ) = u 2n⋃
u∈UM
TuTM ‖p′(ξ)‖ = 1 4n− 1
TUM ‖p′(ξ)‖ = 1 v(ξ) ⊥ p′(ξ) 4n− 2
TuUM p
′(ξ) = u v(ξ) ⊥ p′(ξ) 2n− 1
H v(ξ) = 0 3n
Hu p
′(ξ) = u v(ξ) = 0 n⋃
u∈UM
Hu ‖p′(ξ)‖ = 1 v(ξ) = 0 3n− 1
V h(ξ) = 0 3n
Vu p
′(ξ) = u h(ξ) = 0 n
Notie that v(ξ) = 0 implies v(ξ) ⊥ p′(ξ) and hene Hu ⊂ TuUM hold for
u ∈ UMs. Now onsider the image of these submanifolds of TTM under the
identiation with Jaobi elds we just explained. Clearly ‖p′(ξ)‖ = 1 means
that Jξ is a Jaobi eld along a unit speed geodesi. p
′(ξ) = u means that the
geodesi is γu. If v(ξ) ⊥ p′(ξ), then J ′ξ ⊥ γp′(ξ) for all times.10 Furthermore
v(ξ) = 0 means J ′ξ(0) = 0 and h(ξ) = 0 means Jξ(0) = 0.
We will only onsider unit speed geodesis γu (u ∈ UM). The unit speed
geodesi variations of γu are represented by Hu.
Flatness and Rank
For every unit speed vetor we want to dene the rank and the atness.
The atness is the dimension of vetors parallel to γu. The rank is the
dimension of parallel Jaobi elds along γu. To see that both these values
are semiontinuous we need to work on H˜ :=
⋃
u∈UM
Hu.
We dene two smooth funtions to measure atness and innitesimal atness:
f : R× H˜ −→ R
(t, ξ) 7−→ d(γp′(ξ)(t), γh(ξ)(t))2 − t2‖p′(ξ)− h(ξ)‖2
j : R× H˜ −→ R
(t, ξ) 7−→ ‖Jξ(t)‖2 − ‖Jξ(0)‖2
10
Here we use that 〈J ′, γ˙〉 is onstant for any Jaobi eld J along a geodesi γ.
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f measures the dierene between orresponding sides of geodesi triangles in
Tp(v)X and X where the triangle in X is the image of the triangle in Tp(v)X
under the exponential map. This is illustrated in Figure 1. j measures
whether the length of the Jaobi eld dened by ξ ∈ Hv is onstant along
γv.
Figure 1: Denition of f
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We will need the following properties of f and j on nonpositively urved
manifolds.
Lemma 2.3
Suppose X is a Hadamard manifold. Then
1. f ≥ 0 and f(t, ξ) = 0 for t = 0 or if p′(ξ) and h(ξ) are ollinear.
2. For 0 < s ≤ t the impliation f(t, ξ) = 0 =⇒ f(s, ξ) = 0 holds.
3. For t ≤ s < 0 the impliation f(t, ξ) = 0 =⇒ f(s, ξ) = 0 holds.
4. The triangle ∆(p◦p′(ξ), γp′(ξ)(t), γh(ξ)(t)) is at11 if and only if f(t, ξ) =
0. This triangle is degenerated only if p′(ξ) and h(ξ) are ollinear or if
t = 0.
Furthermore if X is analyti, then so it f and
5. Any nondegenerated at triangle is ontained in a at. Hene exp :
span(p′(ξ), h(ξ)) → X is an isometry if and only if p′(ξ) and h(ξ) are
not ollinear and f(t, ξ) = 0 for some t 6= 0.
11
isometri to a triangle in R2
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Lemma 2.4
Suppose M is a manifold of nonpositive urvature. Then
1. j(., ξ) is a onvex nonnegative funtion. j(t, ξ) = 0 for t = 0 and
whenever p′(ξ) and h(ξ) are ollinear.
2. For 0 < s ≤ t the impliation j(t, ξ) = 0 =⇒ j(s, ξ) = 0 holds.
3. For t ≤ s < 0 the impliation j(t, ξ) = 0 =⇒ j(s, ξ) = 0 holds.
4. If j(t, ξ) = 0 then Jξ
∣∣
[0,t]
is a parallel Jaobi eld.
If M is an analyti manifold then j is analyti, too, and
5. Jξ is a parallel Jaobi eld if j(t, ξ) = 0 for some t 6= 0.
Proof of Lemma 2.3: Compare for example [Ebe96, Prop. 1.4.1℄ to see
that f ≥ 0. From the proof it an be seen that f(t, ξ) = 0 if and only
if f(s, ξ) = 0 for all 0 ≤ s ≤ t and in this ase the exponential map is
an isometry of the triangle ∆(0, tp′(ξ), th(ξ)) ⊂ Tp◦p′(ξ)X onto the triangle
∆(p◦p′(ξ), γp′(ξ)(t), γh(ξ)(t)) ⊂ X whih is a totally geodesi at submanifold
of X . In the real analyti ase this at triangle must be ontained in a at,
namely the image under the exponential map of span(p′(ξ), h(ξ)). This is
the onvex hull of the two geodesis γp′(ξ) and γh(ξ). ✷
Proof of Lemma 2.4: Fix ξ and write j for t→ jξ(t) and J for Jξ. An easy
alulation shows that
j′ = 2〈J ′, J〉
j′′ = 2‖J ′‖2 − 2〈R(J, γ˙)γ˙, J〉.
Reall that 〈R(J, γ˙)γ˙, J〉 = K(J, γ˙)(‖J‖2‖γ˙‖2 − 〈J, γ˙〉2) and therefore this
term has the same sign as the urvature, namely it is nonpositive and there-
fore j is onvex, j(0) = 0 and j′(0) = 0 sine J ′(0) = 0. We onlude that
j(t) ≥ 0 and j′(t) ≥ 0 for t ≥ 0. Now suppose j(t) = 0 then j∣∣
[0,t]
≡ 0 and
j′
∣∣
[0,t]
≡ 0. This implies j′′∣∣
[0,t]
≡ 0 and hene ‖J ′‖2 ≡ 〈R(J, γ˙)γ˙, J〉 ≤ 0. We
onlude that in this ase ‖J ′‖∣∣
[0,t]
≡ 0 whih means that J∣∣
[0,t]
is parallel.
An analogous argument works for t < 0. ✷
Lemma 2.5
1. If X is a Hadamard manifold then the set
Flatv := {ξ ∈ Hv | f(t, ξ) = 0 for all t ∈ R}
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is a subspae of Hv for all v ∈ UX . Therefore the atness, dened
by
flat : UX −→ {1, 2, . . . , n}
v −→ dim{ξ ∈ Hv | f(t, ξ) = 0 for all t ∈ R}
is semiontinuous, i. e. lim flat(vn) ≤ flat(v) if vn → v.
2. If M is a manifold of nonpositive urvature then the set
Rankv := {ξ ∈ Hv | j(t, ξ) = 0 for all t ∈ R}
is a subspae of Hv for all v ∈ UM . Therefore the rank, dened by
rank : UM −→ {1, 2, . . . , n}
v −→ dim{ξ ∈ Hv | j(t, ξ) = 0 for all t ∈ R}
is semiontinuous, i. e. lim rank(vn) ≤ rank(v) if vn → v.
Proof of Lemma 2.5:
1. Suppose ξ ∈ Flatv and λ ∈ R is given. Sine f(t, ξ) = 0 for all
t ∈ R, the geodesis γv and γh(ξ) span a totally geodesi at. Now
given t, λ ∈ R the points p(v), exp(t p′(λξ)) = γp′(λξ)(t) = γv(t) and
exp(t h(λξ)) = γh(ξ)(λt) lie within this at and hene form a at geo-
desi triangle. Thus f(t, λξ) = 0 and hene λξ ∈ Flatv.
Now x ξ, ζ ∈ Flatv. Then the geodesis γv and γh(ξ) span a totally
geodesi at. This means that the geodesis γ1 : s → exp(tJξ(s)) and
γ2 : s → exp(tJζ(s)) are parallel to γv. Consider the distane be-
tween these two geodesis. This is a onvex funtion whih is bounded
by d(γ1, γv) + d(γv, γ2) and hene onstant. So γ1 and γ2 are paral-
lel, too, and span a at plane. We nd a third geodesi γ3 : s →
exp(
√
2tJξ+ζ(s)) whih is parallel to γ1 and γ2 and hene to γv, too.
We onlude that f(t,
√
2(ξ + ζ)) = 0 and from this we easily dedue
that ξ + ζ ∈ Flatv.
2. For j notie that j(t, λξ) = λ2j(t, ξ). Therefore ξ ∈ Flatv implies
λξ ∈ Flatv for all λ ∈ R.
Now notie that J ′ξ ≡ 0 for ξ ∈ Rankv. Now suppose ξ, ζ ∈ Rankv
and onsider j : t→ j(t, ξ + ζ). A simple alulation shows that j(t) =
2〈Jξ(t), Jζ(t)〉−2〈Jξ(0), Jζ(0)〉 and j′(t) = 2〈J ′ξ(t), Jζ(t)〉+2〈J ′ζ(t), Jξ(t)〉 ≡
0 and hene ξ + ζ ∈ Rankv.
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3. By now we know that f and j are ontinuous and Flatv and Rankv are
subspaes of Hv for all v ∈ UM . We will prove that rank is semion-
tinuous (the proof for flat works analogously).
Fix v ∈ UM and write r for rank(v). Choose an orthonormal basis
{η1, . . . , ηn} of Hv suh that {η1, . . . , ηr} is a basis of Rankv. We have
therefore
〈ηi, ηj〉 = δi,j for all 1 ≤ i ≤ j ≤ n,
j(t, ηi) = 0 for all t ∈ R and 1 ≤ i ≤ r
j(ti, ηi) = ai > 0 for some ti ∈ R, and r < i ≤ n.
Now we an nd neighbourhoods Wi of the ηi in H
u∈UMu
where softer
versions of the above inequalities hold, namely for ξi ∈ Wi and ξj ∈ Wj
|〈ξi, ξj〉 − δi,j| < 1
n + 1
for all 1 ≤ i ≤ j ≤ n
j(ti, ξi) =
ai
2
> 0 for r < i ≤ n
W := ⋂ p′(Wi) is an open neighbourhood of v and for any u ∈ W we
may pik arbitrary elements ξi ∈ Wi ∩ p′−1(u), whih will form a basis
of Hu. Sine j(ti, ξi) =
ai
2
> 0 for r < i ≤ n the dimension of Ranku
an be at most r.
✷
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3 Sets of Constant Rank
Consider the sets of vetors of onstant rank or of bounded rank. Namely
for any manifold X of nonpositive urvature dene for 1 ≤ k ≤ n
Rk := {u ∈ UX | rank(u) = k}
R>k := {u ∈ UX | rank(u) > k}
R<k := {u ∈ UX | rank(u) < k}
By Lemma 2.5, we know that the rank is semiontinuous and hene R<k
and R1 are open subsets of UX and R>k, Rn are losed. We will be inter-
ested in the omplementary sets R1 and R> := R>1 mainly.
In Subsetion 3.2 we will see that all these sets are subanalyti if X is a real
analyti manifold with ompat quotient. We will then dene an equivalent
for smooth manifolds. But rst we need to understand semi- and subanalyti
sets.
3.1 Subanalyti Sets
The following denitions and propositions are taken from [Hir73℄ without
proof. Suppose X is any real analyti manifold.
Denition 3.1 ([Hir73, Def. 2.1℄)
A subset A ⊂ X is alled seminanalyti if for every point a ∈ A there is a
nite number of real analyti funtions gij : Ua → R on an open neighbour-
hood Ua of a in X suh that
A ∩ Ua =
⋃
i
⋂
j
g−1ij (Iij)
where Iij is any interval in R.
If we onsider the union, intersetion or dierene of two semianalyti sets,
the resulting set is semianalyti itself (f. [Hir73, Rem. 2.2℄). However, the
image of a semianalyti set under an analyti map needs not be semianalyti.
We have therefore to onsider the bigger lass of subanalyti sets.
Denition 3.2 ([Hir73, Def. 3.1℄)
A subset A of X is alled subanalyti, if for every point a ∈ A there are
nitely many proper
12
real analyti maps fj : Yj → Ua and hj : Zj → Ua,
12
A map is alled proper if the preimage of any ompat set is ompat
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where Ua is an open neighbourhood of a in X , suh that
A ∩ Ua =
⋃
j
(Im(fj)\ Im(hj)).
The union, intersetion or dierene of two subanalyti sets is again sub-
analyti [Hir73, Prop.3.2℄. Furthermore any proper real analyti map maps
subanalyti sets on subanalyti sets. The notion of subanalytiity is in fat a
generalisation of semianalytiity, sine every semianalyti set is subanalyti,
too [Hir73, Prop. 3.4℄. We will need the following result about the struture
of subanalyti sets:
Theorem 3.1 ([Hir73, Main Theorem (4.8)℄)
Let A ⊂ X be a subanalyti subset of a real analyti manifold X . Then A
admits a Whitney stratiation, i. e. we an deompose A =
⋃
Aα suh
that
1. {Aα}α is a loally nite family of pairwise disjoint subsets of A.
2. Every Aα is a real analyti submanifold of X .
3. ∂Aα ∩ Aβ 6= ∅ implies Aβ ⊂ ∂Aα.
4. Every Aα is a subanalyti subset of X
5. In the ase of 3 the pair (Aα, Aβ) satises the Whitney ondition
13
in every point of Aβ .
Obviously we an replae the Whitney stratiation by a stratiation in the
following sense if A is losed.
Denition 3.3 (Stratiations)
Let X denote a smooth manifold. A stratiation (by submanifolds) of a
subset A ⊂ X is a olletion {Aα} of subsets of X suh that
1. {Aα}α is a loally nite family of pairwise disjoint subsets of A.
2. Every Aα is a smooth losed submanifold of X (possibly with bound-
ary).
13
We will not use the Whitney ondition and therefore we do not dene it.
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A subset A ⊂ X is alled stratied if there exists a stratiation by sub-
manifolds of X . In this ase we dene the dimension and the unit tangent
bundle of A by
dimA := sup dim(Aα)
UA :=
⋃
U
◦
Aα
UaA := UA ∩ UaX,
i. e. the dimension of A is the maximal dimension of a submanifold of X
ontained in A. A vetor v ∈ UM is onsidered tangent to A, if it is tangent
to a submanifold of M ontained in A, or if it is the limit of suh vetors.
Another way to dene the tangent bundle would be
TA :=
{
γ˙(0)
∣∣∣∣ γ :]− ǫ, ǫ[→ A smooth andγ([0, ǫ[) ⊂ A or γ(]− ǫ, 0] ⊂ A.
}
.
All of these denitions are independent of the hoie of stratiation.
3.2 Compat Real Analyti Manifolds
Now onsider a ompat real analyti manifold M . By the help of the Rie-
mannian struture on UM we an dene the Stiefel bundles of the horizontal
bundle p′ : H → UM : For all k ∈ N and u ∈ UM dene
Stku(H) := {(ξi)i=1...k ∈ Huk | 〈ξj, ξl〉 = δjl}
the manifold of all orthonormal k-frames in Hu. The k
th
Stiefel bundle
is Stk(H) :=
⋃
Stku(H) with the obvious projetion whih we will denote by
p′, too. If M is ompat, then so is Stk(H) and p′ : Stk(H)→ UM is proper.
Any analyti map a : H → R indues an analyti map
ak : Stk(H)→ Rk
via ak((ξi)i=1..k) := (a(ξi))i=1..k.
Now onsider the map j introdued in Setion 2.2. The preimage (jk)−1({0})
is a semianalyti set whih projets down to a subanalyti set in UM under
the proper projetion p′ : Stk(H) → UM . What does it mean if a vetor
u ∈ UM is in this set? In this ase there is an orthonormal k-frame in TuM
whih onsists of vetors that an be extended to parallel Jaobi elds along
γu. Thus this vetor is of rank at least k. We have proved the following
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Proposition 3.2
If M is a ompat real analyti manifold then the sets Rk of onstant rank
and the sets R<k, R>k, R> of bounded rank are subanalyti sets in UM .
If π : X →M is the universal overing then the preimage of these sets under
dπ are subanalyti sets of UX and exatly the sets with the same onditions
on the rank in X .
As a result all these sets are unions of loally nite families of disjoint real
analyti submanifolds of UM , respetively UX .
Now onsider the base point projetions of these sets, e. g. R> := p(R>).
These are subanalyti subsets of M (respetively X) and R> ⊂ UR>. This
motivates the denition of s-support and s-dimension.
3.3 s-Dimension
If X is a real analyti manifold then the set of higher rank vetors and the
set of its base points are subanalyti and hene stratied. Suppose that in
the smooth ase, these sets are stratied, too, and of low dimension. This is
the ase for whih our main theorems hold.
In general for any subset of the unit tangent bundle of X we dene the
strutured dimension .
Denition 3.4 (s-Dimension)
For a subset R ⊂ UM of the unit tangent bundle of a smooth manifold M
dene the s-dimension of R (s-dim(R)) to be the smallest dimension of a
subset R ⊂ M of M that is stratied R = ⋃Ri by submanifolds of M and
satises R ⊂ UR. Any suh R will be alled an s-support of R.
Even though there might be dierent s-supports for R and dierent strati-
ations for the same s-support, the strutured dimension of R is well dened.
The strutured dimension is dened for any subset R ⊂ UM and is bounded
by the dimension of M :
0 ≤ s-dim(R) ≤ dim(M).
Obviously nontrivial ow invariant subsets of UM ontain at least one geo-
desi and hene have strutured dimension at least one. For a losed totally
geodesi submanifold N ⊂ M the strutured dimension of UN is just the
dimension of N : s-dim(UN) = dim(N) and N is an s-support of UN . Any
full subset of UM (i. e. it overs all of M under the base point projetion)
has strutured dimension dim(M).
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Remark 3.1
If R is a ow invariant subset of UX then any stratied subset of M on-
taining p(R) is an s-support of R.
So the simplest example of a ow invariant subset of s-dimension one is the
set of tangent vetors to a a nite olletion of simply losed geodesi. We
will ome bak to this example when disussing the results in Setion 8 and
Setion 9.
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4 Spheres and Horospheres
In this setion we will take a loser look at spheres and horospheres. To
be more preise, we are interested in the orresponding strutures in UX ,
namely the vetors orthogonal to spheres and horospheres in X .
Subsetion 4.1 ontains some tehnial results. We will see that horospheres
an be approximated by spheres of growing radius. We an therefore think
of a horosphere as a sphere with radius innitely large and with entre at
innity. Furthermore we have some tehnial lemma that quanties the fat
that vetors in the sphere Sv(r) are lose if there base points are lose.
In Subsetion 4.2 we onsider spheres and horospheres in a real analyti
Hadamard manifold with ompat quotient. Suppose on a horosphere we
an nd an open subset of vetors of higher rank. Then we an integrate the
parallel Jaobi elds to nd that the whole horosphere is foliated by ats.
By a result of Werner Ballmann this an only happen if the manifold is of
higher rank:
Corollary 4.7
Let X be an analyti rank one Hadamard manifold with ompat quotient.
Then for any horosphere and any sphere in UX the subset of rank one vetors
is dense.
4.1 Spheres and Limits of Sphere Segments
Denition 4.1 (Spheres in UX)
On a Hadamard manifold X dene
1. For any given point o ∈ X a vetor v ∈ UX is alled a radial vetor
with origin in o if and only if o ∈ γv(R−) (I. e. if v is a tangent vetor
to a geodesi ray originating in o).
2. The sphere in UX of radius r and entred at o is the set of all radial
vetors with origin o whose base points are in distane r of o.
3. Given a vetor v ∈ UX and a positive number r ∈ R we write Sv(r)
for the sphere in UX of radius r entered at γv(−r). Write Sv(r) for
the base point set of Sv(r). This is the sphere in X with radius r and
entre γv(−r).
Remark 4.1
• Notie that the sphere in UX is the set of outward pointing normal
vetors of the sphere in X . The denition of Sv(r) assures that v ∈
Sv(r) for all r.
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• Compare the behaviour of spheres in UX under the geodesi ow to
that of horospheres under the geodesi ow:
φt(Sv(r)) = Sφt(v)(r + t) φt(Hv) = Hφt(v)
We an understand the horosphere Hv as the limit of Sv(r) as r goes to in-
nity. This fat is well known for spheres and horospheres in X . It follows
diretly for the spheres and horospheres in UX beause they are hara-
terised as normal vetors to the objets in X .
The onvergene of the spheres to the horosphere is uniformly on ompat
subsets. To understand this we take a loser look at segments.
For a horosphere H := Hv the base point projetion p : H ⊂ UX → X
indues a metri by dH(u1, u2) := d(p(u1), p(u2)) for ui ∈ H. We will write
dH(., .) or dv(., .) for this metri. The geodesi ow φ on UX satises the
following inequalities for vetors ui ∈ H:
dφt(H)(φt(u1), φt(u2))
{
≥ dH(u1, u2) for t > 0
≤ dH(u1, u2) for t < 0
where equality holds if and only if u1 and u2 are parallel vetors.
Analogously we an introdue a metri on any sphere S in UX . Notie that
φtS is a sphere for any sphere in UX and any t ≥ 0. Obviously
dφt(S)(φt(u1), φt(u2)) > dS(u1, u2)
holds for all t > 0 and ui ∈ S.
Now for any ∆ > 0 we an dene (open) segments of (horo)-spheres with
radius ∆:
H∆v := {w ∈ Hv | dHv(v, w) < ∆}
S∆v (r) := {w ∈ Sv(r) | dSv(r)(v, w) < ∆}
The losed segment of radius ∆ will be denoted by H∆v and S∆v (r), respe-
tively.
Lemma 4.1
Let X be a Hadamard manifold. Then any sequene of sphere segments
S∆v (r) onverges with respet to the Hausdor metri to the orresponding
horosphere segment H∆v .
∀
∆>0
∀
v∈UX
∃
R
∀
r>R
Hd(H∆v ,S∆v (r)) < δ
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Furthermore if X has ompat quotient, δ does not depend on v:
∀
∆>0
∃
R
∀
v∈UX
∀
r>R
Hd(H∆v ,S∆v (r)) < δ
We will need another tehnial lemma on spheres, whih quanties the fat
that on a big sphere Sv(a) vetors with lose base points are lose with respet
to the metri in UX . The statement of the lemma is illustrated in Figure 2.
Lemma 4.2
Suppose X is a Hadamard manifold with ompat quotient M = X/Γ and
the Γ-ompat subset K˜ ⊂ X and a, δ > 0 are given. Then there is a δ′ suh
that for every q ∈ X it holds:
Call σ the geodesi ray starting in σ(0) = q with σ(s) = p ∈ K˜ and let
w ∈ UqX be any vetor suh that the minimal distane between γw and p is
less than δ′. If d(p, q) ≥ a, then for any point p′ := γw(t) with d(p, p′) < δ′
d1(γ˙w(t), σ˙(s)) < δ.
Figure 2: Close Radial Vetors
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Proof of Lemma 4.2: For a start suppose δ′ < a. We will x δ′ at the end
of the rst step.
Step 1:
On the set
Def :=
⋃
q∈X

{q} × ⋃
p∈K˜\{q}
({p} × (U δ′(p)\{q}))

 ⊂ X3
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we dene a ontinuous funtion f as follows:
For q ∈ X , p ∈ K˜\{q} and p′ ∈ Uδ′(p)\{q} all σ the geodesi onneting
q = σ(0) to p = σ(s) and γ the geodesi onneting q = γ(0) to p′ = γ(t).
Then
f(q, p, p′) := d1(σ˙(s), γ˙(t))
is a Γ-ompatible map, sine
f(ρ(q), ρ(p), ρ(p′)) = f(q, p, p′) for all ρ ∈ Γ.
For every p ∈ K˜ onsider the (ompat) sphere
Kp := {q ∈ X | d(p, q) = a}
and the ontinuous funtion f on the Γ-ompat set
Def2 :=
⋃
p∈K˜
{p} × Uδ′(p) ⊂ X2
dened by
f(p, p′) := max
q∈Kp
f(q, p, p′).
This funtion is ontinuous on Def2 and satises f(p, p) = 0 for all p ∈ K˜.
Hene we an suppose that δ′ was hosen so small that f(p, p′) < δ/2 for all
p, p′ with d(p, p′) < δ′.
This means that d1(σ˙(s), γ˙(t)) < δ/2 for all q ∈ X , p ∈ K˜ and p′ ∈ X with
d(p, q) = a and d(p, p′) < δ′.
We may assume that δ′ satises furthermore arcsin(δ′/a) < δ/2. Step 2:
Now let q ∈ X be a point with d(p, q) > a for a given p ∈ K˜ and let w ∈ UqX
be a vetor with d(γw, p) < δ
′
. Suppose there is a p′ = γw(t) ∈ Uδ′(p).
Let σ be the geodesi ray through p originating in q. There is a unique
point Q on σ between q and p with d(Q, p) = a. Now let γ be the geodesi
ray originating in Q with p′ = γ(t′). Write v ∈ Up′X for the vetor you
get by moving the vetor σ˙(s) from p to p′ via parallel transport along the
onneting geodesi. This is illustrated in Figure 3.
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Figure 3:
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By the rst step we know that d(p′, p) + ∡(γ˙(t′), v) = d1(γ˙(t′), σ˙(s)) < δ/2.
Furthermore it is easy to see that ∡(γ˙w(t), γ˙(t
′)) ≤ ∡Q(p, p′) sine, by non-
positive urvature, the sum of angles in the triangle ∆(q, Q, p′) must be less
or equal to π.
Therefore
d1(γ˙w(t), σ˙(s)) = d(p
′, p) + ∡(γ˙w(t), v)
≤ d(p′, p) + ∡(γ˙w(t), γ˙(t′)) + ∡(γ˙(t′), v)
< ∡Q(p, p
′) + δ/2
≤ arcsin(δ′/a) + δ/2 ≤ δ/2 + δ/2 = δ.
Where the last line uses the fat that the manifold is nonpositively urved.
✷
Sine X itself is Γ-ompat if it has a ompat quotient M = X/Γ, it is an
obvious onlusion that vetors on big spheres are lose if their base points
are lose. This result is formulated in the next orollary.
Corollary 4.3
Suppose X is a Hadamard manifold with ompat quotient and r0 > 0 any
given radius. Then for any δ > 0 there is a δ′ > 0 suh that vetors v, w on
the same sphere, say Sv(r), of radius r ≥ r0 are δ-lose if their base points
are δ′-lose. I. e. for all v ∈ UX , r ≥ r0
∀
w∈Sv(r)
d(p(v), p(w)) < δ′ =⇒ d(v, w) < δ.
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4.2 Flats on a Horosphere
In this setion let X denote a real analyti Hadamard manifold. Fix a
vetor v ∈ UX and onsider the set of parallel vetors v¯. This is a flat(v)-
dimensional submanifold of UX and UX is partitioned into the v¯. For any
vetor u ∈ v¯ the Busemann funtion bv along the geodesi γu grows pro-
portionally to ar length. Hene there is a unique vetor where γ˙u hits the
horosphere Hv transversally. Obviously two geodesis interset this horo-
sphere in dierent points and therefore the intersetion of v¯ with Hv is a
(flat(v) − 1)-dimensional submanifold of UX . If v ∈ UX is any vetor we
will write Hv := v¯ ∩ Hv for this submanifold of all vetors parallel to v on
the same horosphere. Hv is a subset of the leaf W
u(v) of the unstable bun-
dle whih is homeomorphi to the manifold X itself via the gradient of the
Busemann funtion bv:
grad bv : X
∼→ W u(v).
The main result of this setion is Corollary 4.7: For a rank one manifold the
vetors of rank one are dense on any sphere and horosphere.
Lemma 4.4
On an analyti Hadamard manifold X suppose there is an open segment H∆v
of a horosphere Hv whih onsists entirely of higher rank vetors. Then all
vetors in H∆v have atness at least two.
Proof of Lemma 4.4: The projetion p : UX → X identies Hv with
the horosphere in X . Write H∆v := p(H∆v ) for the horosphere segment in X
onsisting of all base points of vetors in H∆v . Denote the gradient eld of
the Busemann funtion bv by V : Hv →Hv.
Sine all elements of H∆v are of higher rank, given any point in H∆v we an
nd loally a ontinuous unit vetor eld Z suh that Zq is orthogonal to Vq
and an be extended to a parallel Jaobi vetor eld along γVq whenever Zq
is dened.
Fix any u ∈ H∆v and Z dened in a neighbourhood of p(u). Take an integral
urve σ : [0, δ] → H∆ of Z with σ(0) = p(u) and onsider the geodesi
variation
Γ : [0, δ]× R −→ X
(s, t) 7−→ γVσ(s)(t).
All the geodesis Γs originate from the same point in X(∞). Thus the
orresponding variational vetor eld Js : t 7→ ∂∂sΓ(s, t) along Γs = γVσ(s) is
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an unstable Jaobi eld and for t = 0 equals σ˙(s) = Zσ(s). But Js is parallel
along Γs hene unstable and both elds oinide in t = 0:
Js(0) =
∂
∂s
Γs(0) =
∂
∂s
γVσ(s)(0) =
∂
∂s
p(Vσ(s)) =
∂
∂s
σ(s) = Zσ(s)
Sine unstable vetor elds along a geodesi are haraterised by one value,
the variational vetor eld must oinide with the parallel Jaobi eld
∂
∂s
Γ(s, t) = Js(t)
whih is of onstant length ‖Js(t)‖ ≡ ‖Zσ(s)‖ = 1. We an therefore alulate
the length of the urves Γt whih onnet γu(t) to γVσ(δ)(t) to
L(Γt) =
δ∫
0
‖ ∂
∂s
Γ(s, t)‖ds =
δ∫
0
‖Js(t)‖ds = δ
Now we an approximate the distane of the two geodesis γu and γVσ(δ) by
δ:
d(γu(t), γVσ(δ)(t)) ≤ L(Γt) = δ
or all t ∈ R.
Thus these two geodesis span a at strip and flat(u) is at least two by
analytiity. ✷
Proposition 4.5
Let X be an analyti Hadamard manifold with ompat quotient. Either for
eah horosphere the subset of rank one vetors is dense or there is a horo-
sphere that onsists entirely of vetors of higher rank.
Proof of Proposition 4.5: Suppose there is a horosphere on whih the
subset of rank one vetors is not dense, and suppose that every horosphere
ontains at least one vetor of rank one.
Dene the funtion l : UX → R as follows: For v ∈ UX write l(v) :=
inf{dv(v, w) | w ∈ Hv, rank(w) = 1} for the minimal base point distane of
v to a rank one vetor in Hv. We know l 6≡ 0, sine at least one horosphere
ontains an open subset of higher rank vetors.
The foliation of UX into horospheres is ontinuous and the set of rank one
vetors is open. Hene the funtion l is semiontinuous:
∀
v∈UX
∃
ǫ>0
∀
u∈Wǫ(v)
l(u) ≤ l(v)
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Beause the manifold has a ompat quotient, l attains its maximal value.
But we will show that l is unbounded. This is a ontradition.
Call v1 ∈ UX the vetor in UX where l attains its maximal value l := l(v1).
By denition of l all u ∈ Hlv1 are of higher rank. Choose a vetor v0 of
minimal atness f := flat(v0) in this segment of Hv1 and a neighbourhood
Hǫv0 ( Hlv1 of v0 of onstant atness. This segment is foliated into submani-
folds {Hv ∩Hǫv0}v∈Hǫv0 of dimension f− 1. Within any of these submanifolds
are only parallel vetors of onstant atness. Notie that these submanifolds
are at least one-dimensional by Lemma 4.4.
Fix Bǫ ⊂ Hǫv0 an (n − f)-dimensional simply onneted submanifold trans-
versal to the foliation {Hv ∩ Hǫv0}v∈Hǫv0 interseting Hv0 in v0 and satisfying
∂Bǫ ⊂ ∂Hǫv0 .
Dene for all v ∈ Bǫ the disk of parallel vetors of distane less than 3l:
Dv := Hv ∩H3lv ⊂ Hv0
All vetors in Dv are of atness at least f, like v, sine they lie in v¯.
The set
A :=
⋃
v∈Bǫ
Dv
whih onsists of higher rank vetors only, is a submanifold of W u(v0), the
unstable leaf of v0 and is dieomorphi to Bǫ×Dv0 , the produt of two disks
of dimensions (N − f) and (f− 1) respetively. The boundary ∂A onsists of
the two sets
∂1A :=
⋃
v∈∂Bǫ
Dv
and
∂2A :=
⋃
v∈Bǫ
∂Dv.
For all vetors u ∈ ∂Dv ⊂ ∂2A and all t > 0
dφt(v0)(φt(u), φt(v0)) ≥ dv0(u, v0) ≥ dv0(u, v)− dv0(v, v0) ≥ 3l− ǫ > 2l.
The vetors u ∈ ∂1A are not parallel to v0, but negatively asymptoti to v0.
Therefore for all t > 0
dv(u, v0) < dφt(v)(φt(u), φt(v0))
and we an dene
δ := min
u∈∂1A
[
dφ1(v0)(φ1(u), φ1(v0))− dv0(u, v0)
]
> 0
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sine ∂1A is ompat; without loss of generality assume δ < 2l. Now by
onvexity of the distane funtion we see that
dφ2l/δ(v0)(φ2l/δ(u), φ2l/δ(v0)) >
2l
δ
δ > 2l.
φ2l/δ is a dieomorphism of Hv0 onto Hφ2l/δ(v0) respeting rank and atness of
a vetor. Hene A is mapped onto a subset φ2l/δA that is foliated by (f− 1)-
dimensional submanifolds onsisting of parallel vetors and therefore ontains
only vetors of atness at least f. The boundary of φ2l/δA is φ2l/δ(∂1A) ∪
φ2l/δ(∂2A). For all vetors in this boundary the distane to φ2l/δ(v0) is greater
than 2l. Thus this set ontains the set H2lφ2l/δ(v0) and hene l(φ2l/δ(v0)) ≥ 2l
whih is a ontradition to the maximality of l. ✷
Combining the results of Proposition 4.5 and Lemma 4.4 we get
Corollary 4.6
Let X be an analyti Hadamard manifold with ompat quotient. Either for
all horospheres the subset of rank one vetors is dense or there is a horosphere
that onsists entirely of vetors of atness at least two.
Corollary 4.7
Let X be an analyti rank one Hadamard manifold with ompat quotient.
Then for any horosphere and any sphere in UX the subset of rank one vetors
is dense.
Proof of Corollary 4.7: We start by onsidering the statement of the
orollary for horospheres.
Ballmann showed in [Bal82℄ that for a rank one manifold there exists a point
ξ ∈ X(∞) whih an be joined to every other point in X(∞) by a geodesi
in X .14
Suppose there is a horosphere Hv onsisting entirely of vetors of atness at
least two. Write ζ := γv(−∞) ∈ X¯ for the enter of Hv. By Ballmann's
result there is a geodesi σ joining ζ to ξ if ξ 6= ζ , if ξ = ζ x any geodesi
starting in ξ. In both ases this geodesi meets Hv and hene is of atness at
least two. Thus it lies inside a at. This is a ontradition to the property of
ξ: the points on the boundary of the at an not be joined to ξ by a geodesi
in X , sine their Tits distane is nite.
Now onsider the statement for spheres.
14
Ballmann showed that the set of points with this property is dense in X(∞), but we
will only need the existene of one point
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Suppose there is a segment S∆v of a sphere that onsists only of higher rank
vetors. The geodesi ow inreases the radius of the sphere and the diameter
of the segment. Hene we may assume that the radius of the sphere is arbi-
trarily large. By ompatness there is a radius δ suh that every horosphere
segment of diameter ∆ ontains a rank one vetor whih is surrounded by an
open ball of radius δ. Now for spheres of radius bigger than T the segment
S∆v is δ-lose to a horosphere segment (f. Lemma 4.1) and therefore must
ontain a rank one vetor, whih is a ontradition. ✷
5 Hyperboliity of Rank One Vetors
A parallel Jaobi eld along a geodesi in a Hadamard manifold might be
onsidered as an innitesimal at. In the neighbourhood of a rank one vetor
v we will therefore expet to nd not linear but some kind of hyperboli
behaviour. Sergei Buyalo and Viktor Shroeder showed in [BS02℄ that this is
in fat true: The distane of our geodesi to other lose geodesis has some
doubling property. The aim of this setion is to quantify this. The result
is summed up in Corollary 5.8. To get there we will need several rather
tehnial lemmas.
We introdue the notion of a hyperboli vetor, whih is losely related to
Ballmann's notion of a hyperboli geodesi in [Bal95℄.
Remember that for a ompat manifoldM of nonpositive urvature π : X →
M denotes the universal overing. I. e. X is a Hadamard manifold with
ompat quotient M = X/Γ.
Denition 5.1 (Traing Neighbourhoods)
Let X be a Hadamard manifold.
Consider K ⊂ UX and L, ǫ > 0 and all θ a traing distane for K with
respet to the onstants L, ǫ if and only if the following is true:
For any v ∈ K and w ∈ Wθ(v) the end points of the geodesi segments
γ˙v([−L, L]) and γ˙w([−L, L]) are within d1-distane less than ǫ of eah other,
i. e.
d(v, w) < θ =⇒ max{d1 (γ˙v(−L), γ˙w(−L)) , d1 (γ˙v(L), γ˙w(L))} < ǫ.
Under this ondition we all Wθ(v) the traing neighbourhood of v with
respet to the onstants L, ǫ or simply the (L, ǫ)-traing neighbourhood
of v.
Remark 5.1
Sine X is a Hadamard manifold the funtion t 7→ d(γv(t), γw(t)) is onvex.
It follows immediately that for any v ∈ K and w ∈ Wθ(v) the geodesi
segment γ˙w([−L, L]) is ontained in the ǫ-neighbourhood of the geodesi γ˙v
provided θ is the traing distane for K with respet to the onstants L, ǫ.
Notie that, by p∗d ≤ d1, this implies that the geodesi segment γw([−L, L])
is ontained in the ǫ-neighbourhood of the geodesi γv.
Lemma 5.1
1. Let X denote a Hadamard manifold and K ⊂ UX a ompat subset.
Then for any hoie of the onstants T and ǫ there is a traing distane
0 < θ < ǫ for K with respet to the onstants T, ǫ.
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2. Let X denote a Hadamard manifold with ompat quotient M = X/Γ.
Then for any Γ-ompat subset K ⊂ UX and any hoie of the on-
stants T and ǫ there is a traing distane 0 < θ < ǫ for K with respet
to the onstants T, ǫ.
3. Let X denote a Hadamard manifold with ompat quotient. Then UX
is Γ-ompat and hene by 2 for any hoie of the onstants T and ǫ
there is a global traing distane 0 < θ < ǫ with respet to the onstants
T, ǫ.
Proof of Lemma 5.1: Suppose there are onstants T, ǫ suh that there is
no traing distane. Then for every ǫi := ǫ/i there are vetors vi ∈ K and
wi ∈ Wǫi(vi) suh that
d1(γ˙wi(−T ), γ˙vi(−T )) > ǫ or d1(γ˙wi(T ), γ˙vi(T )) > ǫ. (1)
In ase K is ompat there are subsequenes (vi) and (wi) onverging in K.
Obviously they onverge to the same vetor, say v ∈ K.
In ase K is Γ-ompat we do not neessarily nd subsequenes. But surely
we nd two onverging sequenes (we will all them (vi) and (wi), again)
satisfying (1). Again, these sequenes onverge to the same vetor, say v ∈ K.
In both ases we an, by taking subsequenes, assume that the inequality for
T holds for all i. (If we do not nd a subsequene like this we an use an
analogous argument for −T .) Thus
0 < ǫ < d1(γ˙wi(T ), γ˙vi(T ))→ d1(γ˙v(T ), γ˙v(T )) = 0
whih is a ontradition. ✷
Before we an introdue the notion of hyperboliity, it is neessary to reall
the denition of two dierent distanes between subsets in a metri spae.
The (minimal) distane is dened by
d(A,B) := inf
a∈A,b∈B
d(a, b)
while the Hausdor distane is dened as the smallest number ǫ suh that
eah set is ompletely ontained in the ǫ-neighbourhood of the other.
Hd(A,B) := max(sup
a∈A
d(a, B), sup
b∈B
d(A, b))
Notie that the Hausdor distane is a metri taking values in R+ ∪ {∞}.
The minimal distane is nite but not a metri.
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Denition 5.2 (Hyperboliity)
A unit vetor v ∈ UX on a Hadamard manifold is said to satisfy the hyper-
boliity ondition for µ ∈]0, 1[, T > 0 and δ > 0 if the following holds:
For any two vetors w1, w2 in the (T, δ)-traing neighbourhood of v the mini-
mal distane d(γw1([−T, T ]), γw2([−T, T ])) is less than µ times the Hausdor
distane Hd (γw1([−T, T ]), γw2([−T, T ])).
The vetor v ∈ UX is alled hyperboli, if there is a δ suh that for any
µ ∈]0, 1[ we an hoose T := T (µ, δ) to make v satisfy the hyperboliity
ondition for µ, T and δ.
Proposition 5.2
On a Hadamard manifold X every rank one vetor is hyperboli.
Furthermore:
Suppose K ⊂ UX onsists entirely of vetors of rank one and either K is
ompat or X has ompat quotient M = X/Γ and K is Γ-ompat.
Choose δ suh that the 3δ-neighbourhood of K onsists of rank one vetors,
too. Then for any µ ∈]0, 1[ we an nd T := T (µ, δ,K) > 0 suh that every
vetor v ∈ K satises the hyperboliity ondition for µ, T, δ.
Proof of Proposition 5.2: Suppose this is false. Then there is a µ ∈]0, 1[
for whih we will nd a sequene of vetors zn ∈ K and vn, wn ∈ Wθn(zn),
where θn is the traing distane of zn with respet to n, δ. Thus we have
d(γvn(−n), γzn(−n)) < δ d(γwn(−n), γzn(−n)) < δ
d(γvn(n), γzn(n)) < δ d(γwn(n), γzn(n)) < δ
d(γwn[−n, n], γvn [−n, n]) > µ Hd(γwn[−n, n], γvn [−n, n]) =: µ Hdn .
So for any two points on the two geodesi segments the distane is bigger than
µ times the Hausdor distane Hdn whih is the maximal distane between
orresponding end points γvn(±n) and γwn(±n) and therefore Hdn < 2δ.
First, by (Γ-)ompatness, we an assume that zn onverges to some z ∈ K.
Then, for n large enough, we see that vn, wn ∈ Wθn(zn) ⊂ Wδ(zn) ⊂ W2δ(z)
and we an suppose that vn → v¯ and wn → w¯ with v¯, w¯ ∈ W2δ(z).
Now x k ∈ N and take an arbitrary n ≫ k. Take a look at the onvex
funtion
fn : [−n, n] −→ [µ, 1]
r 7−→ 1
Hdn
d(γwn(r), γvn[−n, n])
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For r ∈ [−k, k], ǫ small, by onvexity we have (as illustrated in Figure 4):
fn(r + ǫ) ≤ fn(r) + ǫ
n− r (fn(n)− fn(r)) (2)
fn(r) ≤ fn(r + ǫ) + ǫ
n + r
(fn(−n)− fn(r + ǫ)). (3)
Rewriting (2) we get
f ′n(r)
0←ǫ←− fn(r + ǫ)− fn(r)
ǫ
≤ fn(n)− fn(r)
n− r ≤
1− µ
n− k
and a similar omputation using (3) yields a lower bound for the derivative
of fn
∣∣∣
[−k,k]
. Thus |f ′n(r)| < 1−µn−k −→n→∞ 0 for all r ∈ [−k, k].
Figure 5: Denition of αnr
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Now we an onsider Ln(r) := Hdn fn(r) = d(γwn(r), γvn([−n, n])). This
is the length funtion of a geodesi variation. Applying the rst variation
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formula we nd that
|cos(αnr )| = |cos(αnr ) + cos(π/2)|
=
∣∣∣L˙n(r)∣∣∣ = Hdn |f ′n(r)| ≤ 2δ 1− µn− k → 0 (4)
where αnr is the angle between γwn and the geodesi linking γwn(r) to γvn , as
illustrated in Figure 5.
Thus for |r| < k this angle goes to π/2 for n→∞.
Now onsider the subsequene suh that vn → v¯ and wn → w¯. We have
to onsider two ases. In eah ase we will prove the existene of a parallel
Jaobi eld along γw¯ of length at least 2k.
In ase v¯ 6= w¯ in the limit we get a at strip of length 2k between γv¯ and
γw¯. This orresponds to a Jaobi eld along γw¯ that is parallel on [−k, k].
In ase v¯ = w¯ we have to use a more elaborated proof. Refer to Figure 6
for the following denitions.
Figure 6:
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In this ase let lna := d(γwn(−k), γvn) = Hdn fn(−k) and lnb := d(γwn(k), γvn) =
Hdn fn(k) and write an and bn respetively for the points on γvn losest to
γwn(−k) and γwn(k) respetively. Call σn : [0, lna ] → X and ρn : [0, lnb ] → X
the geodesis linking an = σn(0) to γwn(−k) = σn(lna ) and bn = ρn(0) to
γwn(k) = ρn(l
n
b ) respetively. For t ∈ [0, lna ] let λnt denote the geodesi from
σn(t) = λ
n
t (0) to ρ(
lnb
lna
t) = λnt (1). We get a geodesi variation by dening
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h : [0, 1]× [0, lna ] −→ X
(s, t) 7−→ λnt (s).
Consider Ln(t) := L(λnt ) = d(σn(t), ρn(
lnb
lna
t)). Applying the rst variation
formula we see that L˙n(0) = 0, due to the right angles in an and bn, and
L˙n(1) = cos(αn−k) + cos(π/2− αnk) = L˙n(−k)− L˙n(k)
(4)
≤ 4δ 1− µ
n− k .
By the Mean Value Theorem there must be a tn ∈ [0, lna ] with
L¨n(tn) =
L˙n(1)− L˙n(0)
1− 0 ≤ 4δ
1− µ
n− k . (5)
Now take a look at the Jaobi eld of the variation h along the geodesi λntn .
This is
Jn(s) :=
∂
∂t
h(s, t)
∣∣∣
t=tn
=
∂
∂t
λnt (s)
∣∣∣
t=tn
.
For s = 0 we have λnt (0) = σn(t) and therefore J
n(0) = σ˙n(t
n) and ||Jn(0)|| =
1. Notie that Jn(0) is almost orthogonal beause αn−k equals almost π/2.
We apply the seond variation formula to get
4δ
1 − µ
n− k
(5)
≥ L¨n(tn) = 1||λ˙ntn||
∫ 1
0
〈∇Jn⊥
dt
,
∇Jn⊥
dt
〉
−
〈
R(Jn⊥, λ˙ntn)λ˙
n
tn , J
n⊥
〉
︸ ︷︷ ︸
≤0 ( sine K≤0)
dt
≥ 1‖λ˙ntn‖
∫ 1
0
∥∥∥∥∇Jn⊥dt
∥∥∥∥2dt.
This yields
15
0 ≤
∫ 1
0
∥∥∥∥∇Jn⊥dt
∥∥∥∥2dt ≤ 4δ‖λ˙ntn‖1− µn− k ≤ 8δ(k + 2δ)1− µn− k n→∞−→ 0.
15
use
||λ˙ntn || = d(σn(tn), ρn(
lnb
lna
tn))
≤ d(σn(tn), γwn(−k)) + d(γwn(−k), γwn(k)) + d(γwn(k), ρn(
lnb
lna
tn))
≤ d(an, γwn(−k)) + 2k + d(γwn(k), bn) ≤ 2k + 4δ.
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Now, taking a subsequene for whih wn and vn onverge to w¯, obviously λ
n
tn
onverges to γw¯ and J
n
onverges to an orthogonal Jaobi eld of length 1
along γw¯ that is parallel on [−k, k].
Thus the onstrution an be ompleted in any ase for any k ∈ N and we
obtain a w¯(k) ∈ W2δ(z) with an orthogonal, parallel Jaobi eld Jk along
γw¯(k)
∣∣∣
[−k,k]
. Choosing a onverging subsequene of the w¯(k)→ w′ ∈ W3δ(z),
we an nd a subsubsequene suh that the Jaobi elds Jk onverge to a
Jaobi eld along γw′ that must be orthogonal and globally parallel. Sine
w′ ∈ W3δ(z) is of rank one, this is a ontradition. ✷
Remark 5.2
This proof is a variation of the preprint version of [BS02, Lemma 4.1.℄. The
published proof is shorter. Sine we are interested in proompat sets and
not in single vetors we stik to this version of the proof.
In the rest of this setion X will denote a Hadamard manifold with ompat
quotient M = X/Γ. All the results remain true even for Hadamard mani-
folds without ompat quotient if the ondition `Γ-ompat' is replaed by
`ompat'.
Geodesi rays originating in the same point diverge faster than in the at
ase, if one of the rays is of rank one. Proposition 5.3 quanties this behaviour
for subsets of rank one.
Proposition 5.3
Let K ⊂ UX be a Γ-ompat subset onsisting only of rank one vetors.
Given N ∈ N there are onstants δ′, a > 0 suh that the following holds for
any ǫ < δ′:
For any point o ∈ X and any radial vetors v ∈ K and w ∈ UX with origin
o the inequality d(γv(a), γw) ≤ ǫ implies d(p(v), γw) < ǫ/N .
For the proof of Proposition 5.3 we need to ontrol the traing neighbour-
hoods. Lemma 5.4 provides a simple riterion for radial vetors by whih
to deide whether they are within traing distane. This lemma is an easy
onsequene of Lemma 4.2
Lemma 5.4
Let K ⊂ UX be Γ-ompat and T , a, δ given. If θ is a traing distane for
K with respet to a, δ, then there is a δ′ > 0 with the following property:
If o ∈ X satises d(o, p(K)) > T and v ∈ K and w ∈ UX are radial with
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origin o then the two inequalities d(γv(a), γw(a)) < δ and d(p(v), p(w)) < δ
′
imply that w lies in the traing neighbourhood of v (i. e. w ∈ Wθ(v)).
Proof of Proposition 5.3: For tehnial reasons assume N > 2. Fix any
µ ∈]0, 1/N [. Choose δ and T = T (µ, δ) for K as in Proposition 5.2, i. e. every
vetor v ∈ K satises the hyperboliity ondition for µ, T (µ, δ), δ. Choose
a > N−1
1−Nµ
T > 2T and let θ < ( 1
1−Nµ
− 1)T be a traing distane for K with
respet to the onstants a, δ. Let δ′ be the onstant from Lemma 5.4 for K,
T , a, δ. Now x ǫ < δ′.
Given an origin o ∈ X and radial vetors v ∈ K and w ∈ UX suppose
d(γv(a), γw) < ǫ.
In ase d(p(v), o) ≤ T+ǫ let o = γv(−r) where r ≤ T+ǫ ≤ T+θ < 11−NµT .
Applying the onvexity of g(t) := d(γv(t), γw)
d(p(v), γw) = g(0) ≤ g(−r) + r
r + a
(g(a)− g(−r))
=
r
r + a
g(a) ≤ r
r + a
ǫ <
ǫ
N
where the last inequality is due to r ≤ 1
1−Nµ
T < a
N−1
whih is equivalent to
r
r+a
< 1
N
.
In ase d(p(v), o) > T + ǫ dene s by d(γv(a), γw(s)) = d(γv(a), γw) < ǫ.
Then
d(γw(s), o) ≥ d(γv(a), o)− d(γv(a), γw(s))
> a+ T + ǫ− ǫ = a+ T.
Thus, setting w′ := γ˙w(s− a) we get a situation as illustrated in Figure 7.
Obviously d(p(v), p(w′)) < d(γv(a), γw′(a)) = d(γv(a), γw) < ǫ < δ
′
and
therefore, by Lemma 5.4, w′ lies in the traing neighbourhood of v. We an
now apply the hyperboliity of v to onlude that
d := d(γv([−T, T ]), γw′([−T, T ])) ≤ µ Hd(γv([−T, T ]), γw′([−T, T ])) =: µ Hd
Obviously the Hausdor distane isHd = d(γv(T ), γw′(T )) < d(γv(a), γw′(a)) <
ǫ and the minimal distane an be estimated by d ≥ d(γv(−T ), γw) =
d(γv(−T ), γw′).
So d(γv(−T ), γw) ≤ µ ǫ and applying the onvexity of g(t) := d(γv(t), γw) we
nd
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d(p(v), γw) = g(0) ≤ g(−T ) + T
T + a
(g(a)− g(−T ))
=
a
T + a
d(γv(−T ), γw) + T
T + a
d(γv(a), γw)
≤ a
T + a
µ ǫ+
T
T + a
ǫ =
aµ+ T
T + a
ǫ <
ǫ
N
Where the last inequality is due to the fat that a > (N−1)T
1−Nµ
is equivalent to
aµ+T
a+T
< 1
N
. ✷
We will see that in fat we an hoose δ′ arbitrarily. I. e. given a δ we an
hoose a big enough so that δ and a satisfy the onditions for the onstants
in Proposition 5.3. To prove this we need a topologial lemma whih is based
on the properties of the distane funtion.
Lemma 5.5
Fix two dierent points p, o ∈ X on a Hadamard manifold (not neessarily
with ompat quotient). Consider the map
f : UoX −→ R
w 7−→ d(p, γw)
Write ∆ := d(o, p). Call v¯ ∈ UoX the tangent vetor to the geodesi ray
starting in o and passing through p. For η > 0 we nd
1. f ≤ ∆, hene f−1(η) = ∅ for η > ∆
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2. if η = ∆ then f−1(η) = {w ∈ UoX
∣∣w ⊥ v¯}.
3. if η < ∆ then f−1(∆) = {w ∈ UoX
∣∣w ⊥ v¯} divides UoX into two on-
neted omponents (disks). Consider the one ontaining v¯ and all it C.
This is the halfsphere faing p. The set f
∣∣−1
C
(η) is a topologial sphere
and divides C into two onneted omponents, whih are haraterised
by ∆ > f > η (an annulus) and 0 < f < η (a disk) respetively.
Obviously in all ases f(v¯) = 0 and for w ⊥ v¯ the maximum f(w) = ∆ is
attained.
Proof of Lemma 5.5: The rst two properties are lear. Now onsider the
third ase where we are interested in f
∣∣
C
. We will show that the gradient
vanishes only in v¯.
For w ∈ C let pw be the point on γw losest to p. Call N the set of all these
points. N is a (dimX − 2)-dimensional submanifold of X , dieomorphi to
C. Obviously for every w ∈ C we know f(w) = d(pw, p).
Now x any point pw ∈ N\p. Consider the geodesi σ in X with σ(0) = pw
and σ(1) = p. For small t let wt ∈ UoX denote the vetor tangent to the
geodesi ray from o to σ(t). Then wt is a dierentiable urve in C. Take a
look at f(t) := f(wt). Note that f(t) = d(γwt, p) ≤ d(σ(t), p) = ∆(1− t). So
f ′(0) = lim
t→0
f(t)− f(0)
t
≤ lim
t→0
∆(1− t)−∆
t
= −∆ < 0
and therefore the gradient does not vanish in pw.
Now we have a gradient on the disk C that vanishes only in one point v¯,
whih is the minimum, and therefore the geodesi ow on this disk has a
simple struture resulting in the property quoted. ✷
It is easy to see that this implies the following lemma.
Lemma 5.6
Suppose there are v ∈ UX , η1, η2 > 0 and a > 0 suh that for any radial
vetor w ∈ UX with origin o ∈ γv(R−) we have
d(p(v), γw) = η1 =⇒ d(γv(a), γw) > η2.
Claim: Then the impliation
d(p(v), γw) ≥ η1 =⇒ d(γv(a), γw) > η2.
holds, too. Or equivalently:
d(p(v), γw) < η1 ⇐= d(γv(a), γw) ≤ η2
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Now we have the tools to prove an improved version of Proposition 5.3. In
Proposition 5.3 for a given N ∈ N we get the existene of onstants a and δ.
We will see now, that in fat we have one more degree of freedom, sine for
any given δ we an nd an A guaranteeing the desired property.
Proposition 5.7
Let K ⊂ UX be a Γ-ompat subset onsisting only of rank one vetors.
Given a shrinking fator N ∈ N and a shield radius δ > 0 there is a distane
A > 0 suh that the following holds for any ǫ < δ:
For any point o ∈ X and any radial vetors v ∈ K and w ∈ UX with origin
o the inequality d(γv(A), γw) ≤ ǫ implies that d(p(v), γw) < ǫ/N holds.
Proof of Proposition 5.7: By Proposition 5.3 we an nd δ′ and a with the
desired property. If δ is less or equal than δ′ we are done. So suppose δ > δ′.
Dene A :=
δ
δ′
N−1
N−1
a. Given ǫ < δ, dene ǫ′ := ǫ
δ
δ′ < δ′. Proposition 5.3
applies to ǫ′ and so for all radial vetors v ∈ K, w ∈ UX with ommon
origin o ∈ X
d(p(v), γw) =
ǫ′
N
=: η1 =⇒ d(γv(a), γw) > ǫ′.
By onvexity we get
d(γv(A), γw) ≥ d(p(v), γw) + A
a
(d(γv(a), γw)− d(p(v), γw))
=
a−A
a
d(p(v), γw) +
A
a
d(γv(a), γw)
>
(
1−
δ
δ′
N − 1
N − 1
)
ǫ′
N
+
(
δ
δ′
N − 1
N − 1
)
ǫ′
=
δ
δ′
ǫ′ = ǫ =: η2.
Now Lemma 5.6 yields the desired impliation:
d(γv(A), γw) ≤ ǫ =⇒ d(p(v), γw) < ǫ
′
N
<
ǫ
N
✷
Combining Proposition 5.7 with Lemma 4.2 we get Corollary 5.8 whih is
illustrated in Figure 8.
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Corollary 5.8
Let K ⊂ UX be a Γ-ompat subset onsisting only of rank one vetors.
Given a shrinking fator N ∈ N, a shield radius ∆ > 0 and a radius r0 > 0
there is a distane A > 0 suh that the following holds for any ǫ < ∆:
For any point o ∈ X and any radial vetors v ∈ K and w ∈ UX with
origin o and d(p(v), o) ≥ r0 the inequality d(γv(A), γw) ≤ ǫ implies that
d1(v, γ˙w) < ǫ/N holds.
6 Avoiding a Rank One Vetor
This setion explains the onstrution of Sergei Buyalo and Viktor Shroeder
in [BS02℄. They proved that for any given vetor v0 ∈ UM of rank one on
a ompat manifold M of nonpositive urvature and of dimension ≥ 3 it is
possible to onstrut a losed, ow invariant, full subset Z ⊂ UM whih does
not ontain v0. Furthermore, for every ǫ > 0 there is suh a set Zǫ whih is
ǫ-dense in UM .
The obvious way to onstrut this set, is to x some small η > 0 and dene
Z := {v ∈ UM | d(γ˙v, v0) ≥ η}
but for all we know, this set ould be empty or neither full nor ǫ-dense. So
how do we prove that this set is full, provided η is small enough?
Pik any point o ∈M and show that, for η small enough, we an nd many
geodesis passing through o and avoiding an η-neighbourhood of v0. These
geodesis an be expliitly onstruted.
6.1 Idea
Consider a ompat onneted manifold M of nonpositive urvature, a rank
one vetor v0 ∈ UM and a point o ∈ M . Let π : X → M be the universal
overing and hoose one element in π−1(o) whih we will identify with o.
We want to nd a geodesi in M that avoids the diretion v0 in the unit
tangent bundle of M . In the universal overing this orresponds to avoiding
the set Ω := dπ−1(v0) ⊂ UX . We an identify this set with the set of its
base points Σ := p(dπ−1(v0)) = π
−1(p(v0)) via the base point projetion.
Elements of Σ will be denoted with ω and the orresponding vetor in Ω
with vω. Thus p(vω) = ω. For tehnial reasons in Proposition 6.5 we would
like Ω to be symmetri. Hene suppose that ±vω ∈ Ω holds for all ω ∈ Σ.
Obviously, a geodesi that avoids some neighbourhood of an ω, avoids an
even bigger neighbourhood of the vetor vω. (d(γ, ω) > η ⇒ d(γ˙, vω) > η).
Hene we will work in X rather than in UX and try to avoid Σ. But indeed
we only need to onsider elements of Σ whih orrespond to vetors vω whih
are almost radial with respet to our starting point o. So for small ǫ˜ > 0 (ǫ˜
will be speied later on) we dene the subsets
Σ(o, ǫ˜) :=
{
ω ∈ Σ | d (vω, φR+(UoX)) < ǫ˜}
To every ω ∈ Σ(o, ǫ˜) we now assign a region in X that should not be hit (the
protetive disk) and a region that is save to hit (the good annulus) and a
sphere inside this annulus that is far away from the boundary of the annulus
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(the good sphere).
A ray originating in o that omes lose to an obstale ω ∈ Σ(o, ǫ˜) will be
replaed by a lose ray passing the good sphere.
Proposition 6.1 will show that for small displaements it holds: If the new
ray hits another protetive sreen Dω′ then any ray hitting the new annulus
Rω′ will have passed through the old annulus Rω before. This is illustrated
in Figure 9.
Figure 9: How to Avoid Obstales
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Denition 6.1
For v ∈ UoX and ω ∈ Σ(o, ǫ˜) dene p(ω, v), to be the point of minimal
distane to ω on the ray γv([0,∞[). For this distane we write dω(v) :=
d(p(ω, v), ω) = d(γv, ω).
Consider a small δ′ (it will be speied later on). Choose a δ < δ′/6 and
dene for every ω ∈ Σ(o, ǫ˜) the protetive sreen (disk)
Dω := {p(ω, v)|v ∈ UoX und dω(v) < 2δ},
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the good annulus
Rω := {p(ω, v)|v ∈ UoX und dω(v) ∈]δ, 3δ[}
and ontained in the good annulus, the good sphere
Sω := {p(ω, v)|v ∈ UoX und dω(v) = 2δ}.
6.2 Choie of Constants
Choose a neighbourhood U0 of v0 suh that it onsists of rank one vetors
only and suh that its inverse image under dπ onsists of disjoint sets Uω.
Choosing the neighbourhood small enough, we an suppose that it is on-
tained in a ompat set with the same properties. The preimage of this set
under dπ−1 is a Γ-ompat set in UX . For this Γ-ompat set and N = 6
Proposition 5.3 yields onstants δ′, a where we may assume that δ′ < a/2.
We dedue that the property in Proposition 5.3 holds for the subset dπ−1U0
with the same onstants δ′, a, N = 6.
In fat we want δ′ to satisfy two further onditions.
1. Sine U0 is open, we an nd an η > 0 suh thatWη(v0) ⊂ U0 and thus
Wη(vω) ⊂ Uω for all ω.
By Lemma 4.2 we may suppose that δ′ was hosen so small that, if we
put δ := δ′/6, for any ω ∈ Σ(o, ǫ˜) satisfying d(ω, o) ≥ a all the radial
rays originating in o and hitting the protetive disk or the good annulus
of ω are within η-distane of vω and therefore are in Uω and of rank
one.
So from now on assume, that for d(o, ω) > a, all radial vetors with
origin o hitting Dω or Rω are rank one vetors whih have the property
desribed in Proposition 5.3.
2. Now onsider Ωa := Σ(o, ǫ˜) ∩ Ua(o). This is the nite set of points in
Σ(o, ǫ˜) that are within distane less than a of our starting point o. For
every ω ∈ Ωa all θω ∈ UoX the starting diretion of the geodesi ray
from o to ω; and for η > 0 dene
Vη(ω) := {v ∈ UoX | d(vω, γ˙v(R+)) < η}.
This is an open subset of UoX and diamVη(ω)
η→0−→ 0. Choose ρ <
min
ω1,ω2∈Ωa
d(θω1 , θω2) and nd an η > 0 so small that diamVη(ω) < ρ/5 for
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all ω ∈ Ωa. Now the sets
U1 := {v ∈ UoX
∣∣d(v, θω) < 1
5
ρ for all ω ∈ Ωa} and
U2 := {v ∈ UoX
∣∣d(v, θω) < 2
5
ρ for all ω ∈ Ωa}
have the following properties:
(a) {θω}ω∈Ωa ⊂ U1 ⊂ U2
(b) v ∈ UoX\U1 ⇒ d(vω, γ˙v(R+)) ≥ η for all ω ∈ Ωa
() UoX\U2 is losed and a sphere with nitely many holes of diameter
4
5
ρ.
Now hoose δ′ < a sin ρ
10
.
6.3 Constrution
Start with a vetor x0 ∈ UoX\U2. Consider the geodesi ray γx0([a,∞[).
Call ω1 ∈ Σ(a, ǫ˜) the rst obstale16 with dω1(x0) < 2δ. Move x0 to a vetor
x1 ∈ UoX with p(ω1, x1) ∈ Sω1 , i. e. the geodesi ray γx1 passes through the
good sphere of ω1.
Now dene reursively a sequene of vetors xi ∈ UoX and elements ωi ∈
Σ(o, ǫ˜) as follows: The rst time γxi([d(p(ωi, xi), o,∞[) hits the protetive
disk of an element of Σ(o, ǫ˜), all this element ωi+1 and move xi to a vetor
xi+1 ∈ UoX where γxi+1 passes the good sphere of ωi+1. We get a sequene
{xi} of vetors in UoX with the following properties.
1. d(ωi, γxi) = d(ωi, p(ωi, xi)) = 2δ
2. d(ωi+1, γxi) = d(ωi+1, p(ωi+1, xi)) < 2δ
3. d(ωi+1, ωi) > a+ δ
′
4. d(ωi, o) ≥ ia2 .
6.4 The Constrution Has the Desired Properties
We need another tehnial denition:
16
here rst obstale means that d(ω1, o) is minimal
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Denition 6.2
A subset Σ ⊂ X is alled radially (a, δ)-separated with respet to o ∈ X ,
if for any vetor v ∈ UoX and any two points ω1, ω2 ∈ Σ
max {d(γv, ω1), d(γv, ω2)} ≤ δ =⇒ d(ω1, ω2) > a.
In [BS02, Lemma 4.3℄ it is proved for our setting, that if γv0 is nonperiodi
then for any a > 0 we an nd δ and ǫ˜ small enough suh that Σ(o, ǫ˜) is
radially (a+ δ, δ)-separated for all o ∈ X .
If γv0 is periodi of period smaller than a, the onstrution is more diult.
But still we an nd a radially separated set ΣN (o, ǫ˜) if we onsider the set
ΩN instead of Ω (onsider only every N th element of Ω along any geodesi
γvω . For more details see [BS02℄). For the next few pages we will suppose that
Σ(o, ǫ˜) is radially separated, but we will return to the problem of ΣN (o, ǫ˜) at
the end ot this setion.
Notie that the geodesi ray γxj passes through all the good annuli of the
ωi for i < j. This is proved in a slightly more general form in the following
proposition.
Proposition 6.1
Suppose Σ(o, ǫ˜) is radially (a + δ′, δ′)-separated with respet to o. Choose
δ < δ′/6. Let ω ∈ Σ(o, ǫ˜) and let v ∈ UoX denote the initial diretion of a
geodesi ray, hitting the good sphere Sω in p(ω, v). Call ω
′ ∈ Σ(o, ǫ˜) the rst
obstale with d(ω′, o) > d(ω, o) for whih the ray hits the protetive disk Dω′
(i. e. dω′(v) < 2δ). Then:
Any ray that meets the annulus Rω′ has passed the annulus Rω before.
Phrased dierently this means for any x ∈ UoX the following impliation
holds:
δ < dω′(x) < 3δ =⇒ δ < dω(x) < 3δ
Proof of Proposition 6.1: We know d(p(ω, v), ω) = 2δ < δ′ and d(p(ω′, v), ω′) <
2δ < δ′. Applying the (a + δ′, δ′)-separatedness d(ω, ω′) > a+ δ′ and thus
d(p(ω′, v), p(ω, v)) ≥ d(ω, ω′)−d(ω, p(ω, v))−d(ω′, p(ω′, v)) ≥ a+δ′−2δ−2δ ≥ a.
For a vetor x ∈ UoX with d(p(ω′, x), ω′) < 3δ it follows d(p(ω′, v), γx) ≤
d(p(ω′, x), p(ω′, v)) < 3δ + 2δ < δ′. Now Proposition 5.3 an be applied and
we nd a point q on γx satisfying
d(p(ω, v), q) <
1
6
d(p(ω′, v), p(ω′, x)) <
1
6
5δ = δ
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and therefore
d(p(ω, x), ω) ≤ d(q, ω) ≤ d(q, p(ω, v)) + d(p(ω, v), ω) < 3δ
Suppose now d(p(ω, x), ω) < δ. By a similar argument there is a q′′ on
γv satisfying d(p(ω, x), q
′′) < δ and therefore d(q′′, ω) < 2δ = d(γv, ω) in
ontradition to the minimal property of p(ω, v). ✷
The next lemma will show that all the xi respet the minimal distane of δ
to these ω if d(ωi, o) > d(ω, o).
Lemma 6.2
For every ω ∈ Σ(o, ǫ˜) with d(γxi, ω) > 2δ we have d(γxj , ω) > δ for all j > i.
Proof of Lemma 6.2: Suppose d(p(ω, xj), ω) ≤ δ. As we know, γxj hits
the good annulus of ωi+1. Applying the radial separatedness we get
d(p(ω, xj), p(ωi+1, xj)) ≥ d(ω, ωi+1)− d(ω, p(ω, xj))− d(ωi+1, p(ωi+1, xj))
≥ a + δ′ − δ − 3δ > a.
Thus there is a q on γxi suh that
d(q, p(ω, xj)) ≤ 1
6
d(p(ωi+1, xj), p(ωi+1, xi)) ≤ 5
6
δ < δ,
hene d(γxi, ω) ≤ d(q, ω) < δ + δ = 2δ, a ontradition. ✷
Now we have found a sequene of geodesi rays avoiding more and more
obstales. In fat this sequene onverges to a geodesi ray avoiding all the
obstales:
Lemma 6.3
For every vetor x0 ∈ UoX\U2 the sequene {xi}i∈N onverges to a vetor
z ∈ UoX\U1.
Proof of Lemma 6.3: Suppose the sequene is not nite. We know for
j ≥ i ≥ 1 that d(ωi, γxj) < 3δ sine γxj passes the good annulus of ωi. Sine
d(ωi, o) > i
a
2
and the angle ∡(o, p(ωi, xj), ωi) is
π
2
, we know
sin(∡(θωi , xj)) ≤
3δ
ia
2
=
6δ
ia
i→∞−→ 0
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and thus {xj} is a Cauhy sequene onverging to a vetor z ∈ UoX . Notie
that
∡(θω1 , z) = lim
j→∞
∡(θω1 , xj) ≤ arcsin
(
6δ
a
)
<
ρ
10
and sine γx0 hits the protetive disk we know
∡(θω1 , x0) ≤ arcsin
(
2δ
a
2
)
<
ρ
10
.
Hene z is within ρ
5
-distane of x0 and therefore in UoX\U1. ✷
So, by mapping x0 to z, we an dene a map
Φ : UoX\U2 −→ UoX\U1
where every vetor z = Φ(x0) in the image of Φ satises:
1. The speed vetors γ˙z of the geodesi ray γz respet a distane of ǫ˜ (with
respet to d(., .)) to all vω with ω ∈ Σ\Σ(o, ǫ˜).
2. The geodesi ray γz respets a distane of δ to all ω ∈ Σ(o, ǫ˜)\Ωa.
3. The geodesi ray γz respets a distane of η to all ω ∈ Ωa.
Furthermore Φ satises
d(x0,Φ(x0)) <
ρ
5
for all x0 ∈ UoX\U2.
Notie that we an hoose ρ arbitrarily small and still nd appropriate η,
δ < δ′/6 and ǫ˜.
Lemma 6.4
Fix ρ > 0. For any submanifold Y ⊂ UoX\U2 we an dene a ontinuous
map
ΦY : Y → UoX\U1
and an η > 0 suh that the image ΦY (Y ) onsists of initial diretions of
geodesi rays that miss the neighbourhood
⋃
ω∈Ω
Wη(vω) of Ω and suh that
d(ΦY (y), y) <
ρ
5
for all y ∈ Y.
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Proof of Lemma 6.4: Instead of moving every starting vetor individually
and looking at the limit we now onsider its neighbourhood in Y . So on-
sider an obstale ω. Notie that γY ∩ Dω is an at most dimY -dimensional
submanifold of Dω whih may therefore be deformed ontinuously into Sω
keeping γY ∩ Sω xed. This deformation in γY ∩Dω an be projeted down
to UoX and we get a series of deformations of Y with a ontinuous limit
deformation ΦY . ✷
Now we are in the position to prove our main proposition:
Proposition 6.5
IfM is a ompat manifold of nonpositive urvature and v0 ∈ UM is a vetor
of rank one, then for any o ∈ M we an nd a geodesi γ : R → M and an
open neighbourhood U of v0 in UM suh that γ(0) = o and γ does not meet
U .
Proof of Proposition 6.5: Of ourse we work in the universal overing X
of M as before. Use all the notations as introdued in this setion.
Fix one vetor S ∈ UoX\U2, the south-pole. Take a dim(X)− 2-dimensional
subspae W of TSUoX and its one dimensional orthogonal omplement W
⊥
.
Dene two submanifolds
17
of UoX of dimensions dim(X) − 2 and 1 respe-
tively by Y := expS W and Y
⊥ := expS W
⊥
. Beause UoX\U2 looks like
a sphere with small holes of diameter
2
5
ρ, we an hoose a deformation
φ : UoX → UoX that deforms Y and −Y ⊥ into two submanifolds Y1 and
−Y ⊥1 of UoX\U2 and every point of UoX is moved by at most 25ρ.
Now apply Lemma 6.4 to Y1 and −Y ⊥1 and deform them into simplies in UoX
homotopi to Y and −Y ⊥, respetively. Notie that ΦY1 ◦ φ and Φ−Y ⊥1 ◦ φ
move every vetor by less than
3
5
ρ. Sine Y and Y ⊥ interset in two an-
tipodal points and the intersetion number of homotopi simplies is a on-
stant, ΦY1(φ(Y )) and −Φ−Y ⊥1 (φ(−Y ⊥)) still interset in two points, provided
6
5
ρ < π.
Take one of these intersetion points z. Sine z ∈ ΦY1(φ(Y )) we know that
γz(R+) avoids a neighbourhood of v0 and sine −z ∈ Φ−Y ⊥1 (φ(−Y )) so does
γz(R−). ✷
Remark 6.1
• In fat all the onstants were hosen globally. So all the geodesi we
onstruted avoid the same neighbourhood of v0. So the set
Z := {v ∈ UM | d(γ˙v,Ω) ≥ η}
17
in fat these are two great spheres in UoX .
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is full.
• Take a loser look at the proof of Proposition 6.5: Given any vetor v ∈
UoX there is a vetor S ∈ UoX\U2 that is at most (25ρ)-far from v. The
onstrution yields a vetor v′ suh that γ˙v′ avoids an η-neighbourhood
of Ω and v′ is (6
5
ρ)-lose to S. Thus Z
is (8
5
ρ)-dense in UM .
• As remarked before, if γv0 is L-periodi we have to modify the proof.
Proposition 6.5 holds for ΣN (o, ǫ˜) instead of Σ(o, ǫ˜). Now suppose γ˙v
avoids an η-neighbourhood of ΩN . But if γv ame very lose, say ν, to
vω ∈ Ω then it would be lose to γvω for a long time, say T . But if this
time is muh bigger than N times the period of γv0 then it would pass
at least one of the obstales in ΩNvery losely. Therefore ν an not be
arbitrarily small and Proposition 6.5 holds for periodi v0, too.
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7 Avoiding Subsets of Small s-Dimension
Consider a Riemannian manifold X and a losed submanifold R ⊂ X of
smaller dimension dim(R) < dim(X). In this setion we disuss deformations
of UX\UR suh that every vetor is moved away from UR.
UR is a submanifold of the Riemannian manifold UX . So if there is a
2ǫ-neighbourhood W2ǫ(UR) of UR on whih the gradient grad dUR of the
distane funtion dUR := d(UR, .) is dened, we an use the ow φ generated
by grad dUR to deform UX\UR into UX\Wǫ(UR). Notie that the gradient
and hene φ might not be dened outsideW2ǫ(UR) but still the deformation
Φ(v) := φmax{0,2ǫ− 1
2
dUR(v)}
(v)
is well dened and moves every vetor by at most 2ǫ into UX\Wǫ(UR).
We need, however, a more elaborated deformation, sine it will be essential for
us to have ontrol on the displaement of the base points, too. Furthermore
we want our deformation to respet the foliation of UX into spheres Sv(r)
of xed radius r.
In Subsetion 7.1 we will disuss a deformation whih gives ontrol on dUR
and on the base point distane from R at the same time. Based on this
deformation we will nd another deformation in Subsetion 7.2 that respets
the sphere foliation of UX .
Finally in Corollary 7.8 we generalize the deformation to the ase where R
is a stratied subset of X :
Corollary 7.8
Let X denote a Hadamard manifold with ompat quotient M = X/Γ. Sup-
pose a Γ-ompat stratied subset R ⊂ X and r0 > 0 are given.
Then there is a onstant k > 0 suh that for small λ > 0 and given r > r0,
v ∈ UX and manifold Y with
dimY < dimX − dimR
we an deform any ontinuous map c : Y → Sr(v) into a ontinuous map
cλ : Y → Sr(v) suh that cλ is kλ-lose to c and cλ avoids a λ-neighbourhood
of UR, i. e. for all x ∈ Y
d(c(x), cλ(x)) ≤ kλ and dUR(cλ(x)) ≥ λ.
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7.1 Avoiding the Unit Tangent Bundle of a Submanifold
Suppose X is a Hadamard manifold with ompat quotient M = X/Γ and
R ⊂ X is a Γ-ompat submanifold of X . We will try to avoid its unit tan-
gent bundle UR in UX . Use the shorthand notation dR(.) := d(R, .) for the
distane to R in X and dUR := d(UR, .) for the distane in UX to UR.
If R is a submanifold with boundary, notie that we an nd a slightly
larger, Γ-ompat submanifold R′ in X with dimR′ = dimR, R ⊂ R′ and
d(R, ∂R′) > ρ for some ρ > 0. If R is a losed manifold without boundary,
set R′ = R. The proof still works.
Suppose furthermore that ρ > 0 is so small that
• ρ is smaller than the injetivity radius of M
• ρ is smaller than the injetivity radius of UM
• ρ is so small that gradp dR′ is dened for all p ∈ X with 0 < dR′(p) < ρ.
Hene γp := γgradp dR′ realizes the distane from R
′
to γp(t) for all
t ∈ [−dR′(p), ρ− dR′(p)].
Fix ǫ < ρ.
We dene the distortion Πǫ of UX\p−1R′ := {v ∈ UX
∣∣ p(v) /∈ R′}. To
shorten notation we dene the distortion length (depending on ǫ)
α : UX\p−1R′ −→ [0, 2ǫ]
v 7−→
{
0
2ǫ− 1
2
dUR′(v)
if dUR′(v) ≥ 4ǫ
if dUR′(v) ≤ 4ǫ.
The distortion is dened by
Πǫ : UX\p−1R′ −→ UX\p−1R′
v 7−→ γp(v)
∥∥α(v)
0
v.
This is well dened, sine α(v) = 0 for those v where the gradient of dR′ is
not dened in p(v).
Proposition 7.1
The distortion Πǫ has the following properties if we hoose ǫ <
ρ
4
:
1. d(v,Πǫ(v)) = α(v) for all v ∈ UX\p−1R′.
Furthermore d(v,γp(v)
∥∥t
0
v) = t for all t ∈ [0, α(t)].
2. dR′(p(Πǫ(v))) = dR′(p(v)) + α(v) > 0 for all v ∈ UX\p−1R′.
Furthermore γp(v) is a shortest from R
′
to γp(v)(t) for all t ∈ [0, α(t)].
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3. For all v ∈ UX\p−1R′ we have
dUR′(v) ≥ 4ǫ ⇐⇒ dUR′(Πǫ(v)) ≥ 4ǫ ⇐⇒ Πǫ(v) = v
dUR′(v) < 4ǫ ⇐⇒ dUR′(Πǫ(v)) < 4ǫ.
4. Πǫ is ontinuous, injetive and a homeomorphism onto the image.
5. The image of Πǫ is ontained in UX\WǫUR′,
i. e. dUR′(Πǫ(v)) ≥ ǫ for all v ∈ UX\p−1R′.
6. Πǫ is ompatible with the Γ-ation on X and UX .
Proof of Proposition 7.1: Reall that for any v ∈ UX\p−1R′ the urve
σv : t 7−→γp(v)
∥∥t
0
v
is a geodesi in UX . Sine the projetion p ◦ σv = γp(v) is a shortest from
R′ to γp(v)(t) for t ∈] − dR′(p(v)), ρ− dR′(p(v))] it does not interset R′ and
hene σv(t) /∈ UR′ for these t.
We onlude that φv : t 7→ dUR′(σv(t)) is dierentiable for these t and φ′v(t) ∈
[−1, 1].
1. This holds sine σv is a geodesi and α(v) is smaller than the injetivity
radius of UX .
2. γp(v) realises the distane to R
′
for t− dR′(p(v)) < ρ. Sine p(Πǫ(v)) =
p(γp(v)
∥∥α(v)
0
v) = γp(v)(α(v)) we get dR′(p(Πǫ(v))) = dR′(p(v)) + α(v).
3. The impliations
Πǫ(v) = v ⇐= dUR′(v) ≥ 4ǫ =⇒ dUR′(Πǫ(v)) ≥ 4ǫ
are obvious. We need to show
dUR′(v) < 4ǫ =⇒ dUR′(Πǫ(v)) < 4ǫ.
So take v ∈ UX\p−1R′ with dUR′(v) < 4ǫ. Then
dUR′(Πǫ(v)) ≤ dUR′(v) + d(v,Πǫ(v))
= dUR′(v) + α(v)
= 2ǫ+
1
2
dUR′(v)︸ ︷︷ ︸
<4ǫ
< 4ǫ.
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4. Πǫ is ontinuous sine α is.
Suppose we nd v1, v2 ∈ UX\p−1R′ with z := Πǫ(v1) = Πǫ(v2).
• Suppose dUR′(z) ≥ 4ǫ and therefore dUR′(v1), dUR′(v2) ≥ 4ǫ. But
v1 = Πǫ(v1) = z = Πǫ(v1) = v2 for these vetors.
• Now suppose dUR′(z) < 4ǫ and hene dUR′(vi) < 4ǫ for both i and
α(vi) = 2ǫ− 12dUR′(vi).
We use the notation pi := p(vi), γi := γpi, σi := σvi , φi := φvi .
Without loss of generality we suppose
dR′(p1) ≤ dR′(p2). (6)
By Part 2 of the proposition
dR′(p1) + α(v1) = dR′(z) = dR′(p2) + α(v2) (7)
and by ondition (6) α(v1)− α(v2) = dR′(p2)− dR′(p1) ≥ 0 whih
translates into
dUR′(v1) ≤ dUR′(v2). (8)
By denition of Πǫ the points pi and q := p(z) lie on the unique
shortest geodesi from R′ to q. And the vetors vi and z an be
obtained via parallel transport along that geodesi σ1. So
σ1(0) = v1 (9)
σ1(dR′(p2)− dR′(p1)) = v2 (10)
σ1(α(v1)) = z (11)
Now reall that φ1(t) is dierentiable for t ∈ [0, α(v1)] with deriva-
tive in [−1, 1]. Therefore
dUR′(v2) = φ1(dR′(p2)− dR′(p1)) ≤ φ1(0)︸ ︷︷ ︸
=dUR′ (v1)
+ (dR′(p2)− dR′(p1))
and thene
dUR′(v2)−dUR′(v1) ≤ dR′(p2)−dR′(p1) (7)= α(v1)−α(v2) = 1
2
(dUR′(v2)−dUR′(v1)).
Combining this with (8) we see that dUR′(v1) = dUR′(v2), hene
α(v1) = α(v2) and by (7) dR′(p2) = dR′(p1). By (9) and (10) we
get
v1
(9)
= σ1(0) = σ1(dR′(p2)− dR′(p1)) (10)= v2.
7.1 Avoiding a Submanifold 71
It remains to show that Π−1ǫ is ontinuous. Write Y := UR
′\p−1R′.
Take any v ∈ Y and x η < 1
2
dR′(p(v)). We laim that Πǫ(Wη(v)) is
open in Πǫ(Y ).
Write U for Wη(v) and assume that Πǫ(U) is not open. Then we nd
a sequene Πǫ(vi) ∈ Πǫ(Y )\Πǫ(U) = Πǫ(Y \U) onverging to a vetor
Πǫ(w) ∈ Πǫ(U). But {vi}i is a bounded sequene in Y sine
d(vi, w) ≤ d(vi,Πǫ(vi))︸ ︷︷ ︸
≤2ǫ
+ d(Πǫ(vi),Πǫ(w))︸ ︷︷ ︸
→0
+ d(Πǫ(w), w)︸ ︷︷ ︸
≤2ǫ
and therefore a subsequene onverges to a vetor z ∈ UX\U (losed
set) whose base point lies not in R′ sine
dR′(p(z))← dR′(p(vi)) ≥ dR′(p(v))− η > 1
2
dR′(p(v)) > 0.
So z ∈ Y \U and Πǫ(z) = Πǫ(lim vi) = limΠǫ(vi) = Πǫ(w) and by
injetivity w = z whih is a ontradition sine w ∈ U and z /∈ U .
5. Take v ∈ UX\p−1R′. To see that dUR′(Πǫ(v)) > ǫ we need to distin-
guish three ases:
• If dUR′(v) ≥ 4ǫ then Πǫ(v) = v and dUR′(Πǫ(v)) ≥ 4ǫ.
• If dUR′(v) ≤ 2ǫ then
dUR′(Πǫ(v)) ≥ dR′(p(Πǫ(v)))
= dR′(p(v)) + α(v)
> α(v)
= 2ǫ− 1
2
dUR′(v) ≥ ǫ.
• If dUR′(v) > 2ǫ then
dUR′(Πǫ(v)) ≥ dUR′(v)− d(v,Πǫ(v))
= dUR′(v)− α(v)
=
3
2
dUR′(v)− 2ǫ > ǫ.
6. This is obvious sine the distane funtions and hene the gradient eld
are invariant under dek transformations.
✷
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Remark 7.1
The onstrution uses a displaement of maximally 2ǫ to ahieve a distane
to UR′ of at least ǫ. The quotient of these two values is
distane
displaement
=
1
2
.
Optimal would be a value of 1 while any value > 0 might be alled satisfa-
tory. A natural approah to maximize the quotient is to onsider a dierent
distortion length funtion. For λ ∈]0, 2[ we ould use αλ := λα (For λ ≥ 2
the onstrution would fail to be injetive). Then Proposition 7.1 holds for
all ǫ < ρ
2λ
with maximal displaement 2λǫ and minimal distane to UR′ at
least
2λ
λ+1
ǫ. So in this way the quotient is
distane
displaement
=
1
λ+ 1
and hene for small ǫ the distortion beomes very eetive.
7.2 Respeting the r-Sphere Foliation of UX
Next we will use the distortion Πǫ to dene distortions on UX\p−1R′ that
map vetors normal to a sphere to vetors that are normal to the same sphere.
This distortion will be denoted by Ψr,ǫ where r is the radius of the sphere.
We will use the following notation:
For p ∈ R′\∂R′ dene the normal tangent spae by
NpR′ := {u ∈ TpX | u ⊥ v for all v ∈ TpR′}.
Notie that R ⊂ R′\∂R′ and hene we an dene the normal bundle nor-
mal bundle NR ⊂ TX of R by
NR :=
⋃
p∈R
NpR′.
This is a proper eulidean bundle over R whih is independent of the hoie
of R′.
The unit normal bundle is the subset of all vetors of unit length and will
be denoted by N 1R ⊂ UX. This sphere bundle over R is Γ-ompat.
For r > 0 and v ∈ UX reall the denition of spheres of radius r dened
by v
7.2 Respeting the r-Sphere Foliation 73
in X: Sr(v) := {q ∈ X
∣∣ d(γv(−r), q) = r} and
in UX: Sr(v) := {σ˙(r) ∈ UX | σ geodesi ∧ σ(0) = γv(−r) ∧ σ(r) ∈ Sr(v)}.
So Sr(v) is the sphere of radius r entered at γv(−r) (hene p(v) ∈ Sr(v)) and
Sr(v) is the set of outward unit vetors to this sphere (and by onstrution
v ∈ Sr(v)).
Now x a radius r. We want to dene a distortion
Ψr,ǫ : UX\p−1R′ −→ UX suh that Ψr,ǫ(v) ∈ Sr(v) for all v.
The idea of the onstrution is illustrated in gure 10. For any vetor v let
Figure 10: Constrution of Ψr,ǫ
PSfrag replaements
β
r
l(r) := d(m, q)
α(v)
π − β
wr(v)
Πǫ(v)
v
Ψr,ǫ(v)p = p(v)
q := p(Πǫ(v))
q′ := p(Ψr,ǫ(v))
m := γv(−r)
β = ∡(v, gradp dR′)
d(v,Πǫ(v)) = d(p, q) = α(v)
d(Πǫ(v), wr(v)) = ∡(Πǫ(v), wr(v))
d(wr(v),Ψr,ǫ(v)) = d(q, q
′) = l(r)− r
m := γv(−r) denote the entre of the sphere to whih v is a normal vetor.
Write σ for the geodesi starting in m and passing through q := p(Πǫ(v)).
Call q′ the point on σ at distane r from m, so p := p(v) and q′ lie on the
sphere around m of radius r. Dene the vetor tangent to σ in q′ to be
Ψr,ǫ(v). We might as well desribe the map by
Ψr,ǫ(v) :=
d
dt
∣∣∣
t=r
expγv(−r)
(
t
exp−1γv(−r)(p(Πǫ(v)))
‖ exp−1γv(−r)(p(Πǫ(v)))‖
)
whih shows that the map is surely ontinuous for r > 2ǫ ≥ α(v).
We will see that for small ǫ and big r this distortion has the property that
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the displaement is small and still the distane to UR of the image is stritly
bigger than zero by Proposition 7.6. To see this we have to onsider the
behaviour of the following funtions rst:
Fix a point p ∈ X and vetors v, z ∈ UpX . For a ∈ R+ let Πǫ,a(v, z) :=γz
∣∣a
0
v
denote the vetor we get by parallel transport of v along the geodesi segment
γz
∥∥
[0,a]
.
For r ∈ R+ map v to the vetor wa,r(v, z) that is tangent in γz(a) to the
geodesi σ starting in γv(−r) and passing through γz(a). So for xed r and v
the vetors wa,r(v, z) are radial vetors originating in γv(−r) with base point
on γz.
Write qa(v, z) for the base point γz(a) of Πǫ,a(v, z) and wa,r(v, z) (notie that
qa(v, z) is independent of r). The point on the geodesi σ that is at distane
r from γv(−r) will be denoted by q′a,r(v, z). Write la(r, v, z) for the distane
d(qa(v, z), q
′
a,r).
We an estimate the displaement of Ψr,ǫ if we understand the following
displaements:
v → Πǫ(v) = Πǫ,α(v)(v, gradp dR′) (Step 1)
→ wα(v),r(v, gradp dR′) =: wr(v) (Step 2)
→ Ψr,ǫ(v) (Step 3)
By Proposition 7.1 we understand quite well Step 1. We want Ψr,ǫ to inherit
the main properties of this map. So we need to estimate the other two
steps. Step 3 is parallel transport along the geodesi σ. So the displaement is
exatly the distane of the base points d(q, q′) = |lr(v)−r|. The displaement
in Step 2 is the angle between the radial vetor and the parallely transported
vetor. We will see that these two displaements an be ontrolled if we make
sure α(v) is small enough.
Lemma 7.2 (Step 2)
Given any r0 > 0 there exists µ ≥ 0 suh that for every ν > 0 there is a
length A > 0 suh that for all a < A and r > r0
d(wa,r(v, z),Πǫ,a(v, z)) < (µ+ ν)a for all v, z ∈ UX with p(v) = p(z).
Proof of Lemma 7.2:
Idea: Dene
µ :=
1
r0
+max
v,z
∂
∂a
∣∣∣
a=0
d(wa,r0(v, z),Πǫ,a(v, z)).
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The rst summand times a is less than the angle between the vetors in
p(Πǫ,a(v, z)) whih are radial to γv(−r0) and γv(−r) for r > r0. The seond
obviously is an upper bound for the ase r = r0. ✷
Lemma 7.3 (Step 3)
For every ν > 0 and r0 > 0 there is a distane A > 0 suh that for all a < A
the following holds:
cos(∡(v, z))− ν < la(r0, v, z)− r0
a
< cos(∡(v, z)) + ν
for all v, z ∈ UX with p(v) = p(z) and ∡(v, z) ≤ π
2
.
Furthermore holds
0 ≤ la(r, v, z)− r < la(r0, v, z)− r0 for r > r0
if r0 > a.
Proof of Lemma 7.3: For simpliity we suppose that the urvature is
bounded by −1 ≤ K ≤ 0. This resaling does not hange the result.
In the omparison spaes we an apply the Law of Cosine to get an estimate
of la(r, v, z):
la(r, v, z)
2 ≥ r2 + a2 − 2ra cos(π − ∡(v, z)) (Eulidean)
cosh(la(r, v, z)) ≤ cosh(r) cosh(a)− cos(π − ∡(v, z)) sinh(r) sinh(a)
(Hyperboli)
Fix v, z and write la(r) for one of the estimations
la(r) :=
√
r2 + a2 + 2ra cos(∡(v, z)) or
la(r) := Arcosh (cosh(r) cosh(a) + cos(∡(v, z)) sinh(r) sinh(a)) .
Notie that la(r) ≥ r and
la(r0)− r0 a→0−→ 0.
So we an use de l'Hpital to alulate
lim
a→0
la(r0)− r0
a
=
∂
∂a
∣∣∣
a→0
(la(r0)− r0) = cos(∡(v, z))
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and we an nd a value A(v, z) depending on v and ∡(v, z). Sine UX is
Γ-ompat and ∡(v, z) ∈ [0, π
2
] we an hoose A globally. To prove the seond
part of the lemma alulate that
∂
∂r
(la(r)− r) < 0
for r > a. ✷
We need to distinguish one more ase, namely when v is lose to UR and
the gradient gradp(v) dR′ points almost in the same diretion as v. In this
ase Step 3 almost undoes the displaement of Step 1. By Corollary 7.5 we
will see that this ase an be avoided. But rst we need the following lemma.
Lemma 7.4
Pik a sequene of vetors {vn} ⊂ UX with base points pn := p(vn) ∈
UρR\R′ (hene wn := gradpn dR′ is dened). Suppose the base point sequene
onverges to a point p ∈ R. Then there is a subsequene of {wn} onverging
to a normal vetor w ∈ N 1pR.
Proof of Lemma 7.4: The gradient denes a shortest geodesi γ−wn from
pn to some qn ∈ R′. Thus
qn = γ−wn(dR′(pn)) ∈ R′
and obviously qn → p ∈ R. So qn /∈ ∂R′ holds for d(p, pn) small and hene
NqnR′ is well dened and
zn := γ˙−wn(dR′(pn)) ∈ N 1qnR′.
Notie that zn is obtained from wn by parallel transport along γ−wn and hene
d(zn, wn) = dR(pn) → 0. Choose a onverging subsequene wn → w ∈ UX .
Obviously zn onverges to the same vetor w. But all the zn are normal
vetors hene w ∈ N 1pR. We onlude
gradpn dR′ = wn → w ∈ N 1pR
✷
Proposition 7.5 (Distane Gradient and Unit Tangent Bundle)
Choose ρ < π
2
so small that the gradient is dened on UρR′\R′. Then for
every given η′ < π
2
we an nd η > 0 suh that the following impliation
holds for all v ∈ UX with base point in UρR\R′:
∡(v, gradp(v) dR′) < η
′ =⇒ d(v, UR) > η.
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I. e. for every η′-neighbourhood of the gradient vetors on UρR\R′ we an nd
an η-neighbourhood of UR suh that these neighbourhoods do not interset.
Proof of Proposition 7.5: Given η′ < π
2
hoose
η < inf{d(v, UR) ∣∣ v ∈ UX, p(v) ∈ UρR\R′, ∡(v, gradp(v) dR′) < η′}.
Suppose the inmum on the right hand side is 0. Then we an onstrut a
sequene ontraditing Lemma 7.4.
✷
Now we an dene the desired deformation:
Proposition 7.6
Given r0 > 0 we an nd C, τ, ǫ > 0 suh that for all λ ∈]0, 1] the maps Ψr,λǫ
have the following properties for all r ≥ r0:
1. Ψr,λǫ : UX\p−1R′ → UX is ontinuous and respets the r-sphere folia-
tion of UX :
Ψr,λǫ(v) ∈ Sv(r) for all v ∈ UX\p−1R′.
2. The image of Ψr,λǫ has no intersetion with the λτ -neighbourhood of
UR:
dUR(Ψr,λǫ(v)) ≥ λτ for all v ∈ UX\p−1R′.
3. The displaement by Ψr,λǫ is bounded by the global onstant λC:
d(v,Ψr,λǫ(v)) ≤ λC for all v ∈ UX\p−1R′.
Proof of Proposition 7.6: First we have to hoose the onstants that
appear in the proposition.
Fix η′ := arccos(1
4
) and ν := 1
4
. Take η as provided by Proposition 7.5 and µ
and A from Lemma 7.2 and Lemma 7.3.
Next hoose τ , κ, ǫ and C.
τ := 4
min(2A, η, ρ
2
)
(3 + µ)(17 + 4µ)
κ :=
9 + 4µ
2
τ ǫ :=
17 + 4µ
8
τ C :=
7 + 4µ
2
ǫ.
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Notie that for the saled onstants τ ′ := λτ , κ′ := λκ, ǫ′ := λǫ and C ′ := λC
τ ′ ≤ 4 min(2A, η,
ρ
2
)
(3 + µ)(17 + 4µ)
κ′ :=
9 + 4µ
2
τ ′ ǫ′ :=
17 + 4µ
8
τ ′ C ′ :=
7 + 4µ
2
ǫ′.
It is then easy to see that all the following alulations hold if we replae the
onstants τ , κ, ǫ and C by the saled onstants τ ′, κ′, ǫ′ and C ′. So suppose
λ = 1.
With the hosen onstants we an now prove the proposition:
1. This property is obvious from the denition of Ψr,ǫ.
2. First of all notie that κ ≤ 4ǫ and (6+2µ)ǫ ≤ η. Therefore, by Proposi-
tion 7.5, holds for all v with dUR(v) ≤ (6+2µ)ǫ that cos(∡(v, gradp dR′)) ≤
cos(η′) ≤ 1
4
and we an apply Lemma 7.3 to see that for v with
dUR(v) ≤ (6 + 2µ)ǫ
d(wr(v),Ψr,ǫ(v)) = lα(v)(r, v, gradp(dR′))− r
< (cos(η′) + ν)α(v)
=
α(v)
2
.
For other v we get the weaker estimation
d(wr(v),Ψr,ǫ(v)) = lα(v)(r, v, gradp(dR′))− r
< (1 + ν)α(v)
=
5
4
α(v).
Furthermore, by Lemma 7.2,
d(Πǫ(v), wr(v)) ≤ (µ+ ν)α(v)
for these v.
We will distinguish four ases.
If dUR′(v) ≥ 4ǫ then Πǫ(v) = v and hene Ψr,ǫ(v) = v and therefore
dUR(Ψr,ǫ(v)) ≥ dUR′(Ψr,ǫ(v)) ≥ 4ǫ.
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If κ ≤ dUR′(v) ≤ 4ǫ and dUR(v) ≤ (6 + 2µ)ǫ then
dUR(Ψr,ǫ(v))
≥ dUR′(Ψr,ǫ(v)) ≥ dUR′(v)− d(v,Πǫ(v))︸ ︷︷ ︸
=α(v)
− d(Πǫ(v), wr(v))︸ ︷︷ ︸
≤(µ+ν)α(v)
− d(wr(v),Ψr,ǫ(v))︸ ︷︷ ︸
≤α(v)/2
≥ dUR′(v)− (7
4
+ µ) α(v)︸︷︷︸
=2ǫ− 1
2
dUR′ (v)
= (
15
8
+
µ
2
) dUR′(v)︸ ︷︷ ︸
≥κ= 9+4µ
2
τ
− (7
2
+ 2µ) ǫ︸︷︷︸
= 17+4µ
8
τ
≥ τ
If 0 < dUR′(v) ≤ κ and dUR(v) ≤ (6 + 2µ)ǫ then notie that wr(v)
and Πǫ,r(v) have the same base point in X and by Property 2 in
Proposition 7.1
dR′(p(wr(v))) = dR′(p(Πǫ(v))) > α(v).
Now
dUR(Ψr,ǫ(v)) ≥ dUR′(Ψr,ǫ(v)) ≥ dUR′(wr(v))︸ ︷︷ ︸
≥dR′ (p(wr(v)))>α(v)
− d(wr(v),Ψr,ǫ(v))︸ ︷︷ ︸
≤α(v)/2
≥ 1
2
α(v)
= ǫ︸︷︷︸
= 17+4µ
8
τ
− 1
4
dUR′(v)︸ ︷︷ ︸
≤κ= 9+4µ
2
τ
≥ τ.
If dUR(v) ≥ (6 + 2µ)ǫ then
dUR(Ψr,ǫ(v)) ≥ dUR(v)− d(v,Πǫ(v))︸ ︷︷ ︸
=α(v)
− d(Πǫ(v), wr(v))︸ ︷︷ ︸
≤(µ+ν)α(v)
− d(wr(v),Ψr,ǫ(v))︸ ︷︷ ︸
≤ 5
4
α(v)≤ 5
2
ǫ
≥ dUR(v)︸ ︷︷ ︸
≥(6+2µ)ǫ
− (9
2
+ 2µ+ 2ν)︸ ︷︷ ︸
=5+2µ
ǫ
≥ ǫ
≥ τ
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3. For dUR′(v) > 4ǫ there is no displaement, so suppose dUR′(v) ≤ 4ǫ < η.
Then
d(v,Ψr,ǫ(v)) ≤ d(v,Πǫ(v))︸ ︷︷ ︸
≤α(v)
+ d(Πǫ(v), w(v))︸ ︷︷ ︸
≤(µ+ν)α(v)
+ d(w(v),Ψr,ǫ(v))︸ ︷︷ ︸
≤α(v)/2
≤ (7
4
+ µ)α(v)︸︷︷︸
≤2ǫ
≤ 7 + 4µ
2
ǫ = C
✷
So by Proposition 7.6 we an deform Sv(r) ∩ (UX\p−1R′) inside Sv(r) away
from UR. But what happens if we want to deform some struture, say Y ,
inside Sv(r) away from UR and the intersetion p(Y ) ∩ R′ is not empty? In
this ase we have to onsider the dimensions of Y and R. If the dimensions
add up to less then the dimension of Sv(r) (i. e. dimY +dimR < dimX−1),
then the intersetion is not transversal and an be undone by an innitesimal
displaement of Y . If we assume that the intersetion of R and Sv(r) is
transversal, whih we an by Sard's Theorem if we vary the radius r slightly,
then the dimensional ondition beomes dimY + dimR < dimX .
Corollary 7.7
Let X denote a Hadamard manifold with ompat quotient M = X/Γ. Sup-
pose a Γ-ompat submanifold R ⊂ X and a radius r0 > 0 are given.
Then there are onstants C, τ > 0 suh that for any λ ∈]0, 1], r > r0, v ∈ UX
and manifold Y with
dimY < dimX − dimR
we an deform any smooth map c : Y → Sr(v) into a smooth map cλ : Y →
Sr(v) suh that
• cλ is (C + τ2 )λ-lose to c, i. e.
d(c(x), cλ(x)) ≤
(
C +
τ
2
)
λ for all x ∈ Y
and
• cλ avoids a τ2λ-neighbourhood of UR, i. e.
dUR(cλ(x)) ≥ τ
2
λ for all x ∈ Y.
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Proof of Corollary 7.7:
In the following we will apply Sard's Theorem, and the Preimage Theorem
as stated in [GP74℄. Thom's Transversality Theorem is applied as stated
in [Dem89℄.
Choose C, ǫ and τ as provided by Proposition 7.6 for r0/2. Without loss of
generality we an assume that τ < r0/2 sine the onstants are salable. Fix
these onstants and onsider any r ≥ r0 and λ ∈]0, 1]. By Corollary 4.3 we
an nd τ ′ > 0 suh that on big spheres (radius > r0/2) vetors are
τ
6
λ-lose
if their footpoints are τ ′-lose.
Now write o := γv(−r0) for the enter of our sphere and onsider the dier-
entiable map
ρ : R′\o −→ R
p 7−→ d(o, p),
whih measures the radius in polar oordinates around o. By Sard's Theorem
the set of regular values of ρ is dense in R. Hene we an hoose a regular
value r′ ∈]r− τ
6
λ, r+ τ
6
λ[. The inverse image R′r′ := ρ
−1(r′) is the intersetion
of R′ with the sphere Sv(r
′) in X . Sine r′ is regular, this intersetion R′r′
is a smooth submanifold of dimension at most dimR − dimR = dimR − 1
in the sphere Sv(r
′) by the Preimage Theorem. Next notie that the geo-
desi ow φr′−r identies the two spheres Sv(r) → Sφr′−rv(r′), moving every
vetor by exatly |r′ − r| < τ
6
λ. Furthermore we have natural identia-
tions of spheres with enter o in X and in UX , given by the gradient of ρ:
grad ρ
∣∣
Sv(r)
: Sv(r)→ Sv(r) and grad ρ
∣∣
Sv(r′)
: Sv(r
′)→ Sv(r′).
Now y := p ◦ φr′−r ◦ c : Y → Sv(r′) is a smooth map of Y into the sphere
Sv(r
′). By Thom's Transversality Theorem we an nd a τ ′-lose smooth
map y′ : Y → Sv(r′) whih avoids R′r′. Write α for the homotopy of Sv(r′)
with α0 = idSv(r′) and α1 ◦ y = y′. Consider the map
cλ := φr−r′ ◦Ψr,λǫ ◦ grad ρ ◦ α1 ◦ p ◦ φr′−r ◦ c : Y → Sv(r)
whih looks quite monstrous at rst glane but we will explain it step by
step:
• φr′−r ◦ c is τ6λ-lose to c, sine r′ − r < τ6λ.
• The base point distane between φr′−r ◦ c and grad ρ◦α1 ◦p◦φr′−r ◦ c is
just the distane between y and y′ whih is smaller than τ ′ by denition
of α. But τ ′-lose base points imply τ
6
λ-lose radial vetors and hene
grad ρ◦α1 ◦p◦φr′−r ◦ c = grad ρ◦y′ is τ6λ-lose to φr′−r ◦ c and τ3λ-lose
to c.
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• y′ avoids R′ and hene grad ρ◦ y′ maps Y into UX\p−1R′ and the map
Ψr,λǫ ◦ grad ρ ◦ y′ is well dened. By Proposition 7.6 it is Cλ-lose to
grad ρ ◦ y′ and hene (Cλ+ τ
3
λ)-lose to our original map c. Again by
Proposition 7.6 it avoids a τλ-neighbourhood of UR.
• Projeting this map bak to Sv(r) by the geodesi ow φr−r′ gives a
further displaement of |r − r′| ≤ τ
6
λ whih leaves us with the prop-
erties that cλ is (Cλ +
τ
3
λ + τ
6
λ)-lose to c and avoids a (τλ − τ
6
λ)-
neighbourhood of UR.
This ends the proof sine Cλ+ τ
3
λ+ τ
6
λ = (C + τ
2
)λ and τλ− τ
6
λ > τ
2
λ.
✷
Corollary 7.7 stays true (with dierent onstants) if R is not a submanifold
of X but a subset stratied by losed submanifolds of X .18
Corollary 7.8
Let X denote a Hadamard manifold with ompat quotient M = X/Γ. Sup-
pose a Γ-ompat stratied subset R ⊂ X and r0 > 0 are given.
Then there is a onstant k > 0 suh that for small λ > 0 and given r > r0,
v ∈ UX and manifold Y with
dimY < dimX − dimR
we an deform any ontinuous map c : Y → Sr(v) into a ontinuous map
cλ : Y → Sr(v) suh that cλ is kλ-lose to c and cλ avoids a λ-neighbourhood
of UR, i. e. for all x ∈ Y
d(c(x), cλ(x)) ≤ kλ and dUR(cλ(x)) ≥ λ.
Proof of Corollary 7.8: For a start suppose that c is a smooth map of Y
into Sv(r). R is a loally nite union R =
⋃
Ri of submanifolds of X . By
Γ-ompatness the union an be assumed to be nite. Suppose the index
set is i ∈ {1 . . . j}. For eah i we an nd onstants τi and Ci suh that
Corollary 7.7 holds. Start with τ1 and C1. Choose λ2 small enough to assure
that λ2C2 < τ1/8 and λ2τ2 ≤ τ1/4. So if we deform c : Y → Sr(v) rst away
from R1 and then away from R2 the resulting map, by Corollary 7.7 still
avoids a τ1/2− λ2C2 − λ2τ2/2 ≥ τ1/4-neighbourhood of UR1. Iterating this
onept we get onstants τ = τ1
2j
and k′ =
∑
Ci
τ
with the desired property,
where λ is small, if λ < τ .
18
E. g. if R is a subanalyti subset
7.2 Respeting the r-Sphere Foliation 83
Now return to the ase where c is not smooth but only ontinuous. In this
ase for every 0 < λ < τ there is a smooth map c′ : Y → Sv(r) whih is
λ-lose to c. We an apply what we just learned to c′ to get cλ, whih is
k′λ-lose to c′ and λ-far from UR. Hene cλ satises
d(c(x), cλ(x)) ≤ (k′ + 1)λ and dUR(cλ(x)) ≥ λ
and hene the orollary holds for k := k′ + 1 and λ < τ .
✷
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8 Avoiding Higher Rank Vetors
Suppose we are given a Hadamard manifold X with ompat quotient M =
X/Γ. Suppose furthermore that R is an s-support of R>, the set of vetors
of higher rank. In this setion we prove that for every vetor v ∈ UM there
is a geodesi ray γ avoiding a neighbourhood of R> suh that γ starts in the
base point of v and γ˙(0) is lose to v. Furthermore our onstrution does not
only work for a single vetor but for manifolds of diretions. If we start with
a whole manifold Y of diretions in one point we an deform this manifold
to a lose set of geodesi rays whih avoids a neighbourhood of R>. This
works if the dimension of Y is bounded by dimY < dimX − s-dimR>:
Proposition 8.7
Let X denote a rank one Hadamard manifold with ompat quotient M =
X/Γ. Suppose s-dim(R>) < dimX − 1 then there are onstants ǫ and c suh
that for any η < ǫ there is an η′ < η for whih the following holds:
For any ompat manifold Y with
dimY < dimX − s-dimR>
and any ontinuous map v0 : Y → UoX from Y to the unit
tangent sphere at a point o ∈ X we an nd a ontinuous map
v∞ : Y → UoX whih is cη-lose to v0 and satises
d(R>, φR+(v∞)) ≥ η′.
So from now on suppose that Y is a ompat manifold whih satises dimY <
dimX − s-dimR>. Given a ontinuous map v : Y → UoX we want to nd
a C-lose map v∞ : Y → UoX suh that the geodesi ray γv∞(x)([0,∞[)
avoids an η-neighbourhood of all vetors of higher rank. Under a ondition
on s-dimR> this will be possible for all η small enough and C/η will be a
onstant independent of η. To nd v∞ we will onstrut a sequene of ontin-
uous maps vi : Y → UoX suh that γvi(x)([0, ti[) avoids an η -neighbourhood
of all vetors of higher rank, where ti → ∞ and the sequene vi onverges
uniformly to v∞.
Our strategy for the onstrution of the onverging sequene is twofold. On
the one hand we use the onstrution of Setion 7 to avoid UR. This will
work well for xed times, but under the geodesi ow we lose ontrol. So
we have to use the fat that R> is Γ-ompat and of higher rank while we
will work entirely on a Γ-ompat set of rank one vetors. By Γ-ompatness
there is a nite distane between these two sets.
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8.1 Rough Idea for a Single Vetor
To motivate the onstrution let us onsider one vetor and try to deform
the orresponding ray to a ray that avoids a neighbourhood of R>. We work
with the onstants 0 < βǫ < ǫ < δǫ whih will be dened later on.
Starting with a given vetor v ∈ UoX we onstrut a sequene of geodesi
rays γvi =: γi with vi ∈ UoX reursively. At the same time we onstrut a
sequene of times ti ∈ R+ with ti > iB˜ and hene ti → ∞. Indutively we
want these sequenes to satisfy that γ˙i is
• βǫ-far away from R> at all times t ∈ [0, ti−1],
• ǫ-far away from UR at some ontrol times ti−1,k ∈ [0, ti−1] and even
• 10ǫ-far away from UR at the time ti−1.
Now suppose this is true for some i > 0. If γ˙i is βǫ-far away from R> for all
times t > 0 we are done, if not wait until time ti−1 + B˜ and let ti denote the
rst time after ti−1+ B˜, where γi is less than 11ǫ-far away from UR. At this
time move away from UR to get a geodesi γi+1 that is 10ǫ-far away from
UR at the time ti. This movement may be hosen suh that γi+1 and γi are
within distane less than δǫ from eah other at time ti. Now, sine γi is of
rank one, the displaement of δǫ at time ti has a very small eet at times
t < ti− B˜. Namely we an assume that it is shrunk by a fator of 1/N . This
assures that at the ontrol times ti,k ≈ ti−1,k the geodesi γi+1 is lose to γi
and therefore is ǫ-far away from UR. From this we an dedue that γi+1 is
βǫ-far away from R> for all t ∈ [0, ti].
8.2 Constrution of the Maps vi
Suppose we have vi : Y → UoX and we know that this map has the desired
properties at time ti. Then we have a ontrol on how lose the map will ome
to R> until the time ti+ B˜. At this time hek, whether the map is too lose
to UR. If it is then dene ti+1 := ti + B˜. Else start to hek for all times
t > ti + B˜ whether vi gets too lose to UR at that time. If it does, dene
ti+1 := t. If it does not then dene ti+1 := ti+ B˜ and obviously the following
deformations will not hange vi.
Now apply the distortion provided by Corollary 7.8 to the image of vi at time
ti+1 on the sphere Sti+1(o), the set of outwards normal vetors to the sphere
around o of radius ti+1. Using the notation of the orollary, the map c =
φti+1 ◦vi, gets distorted into the map c¯ : Y → Sti+1(o). Applying the geodesi
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ow again we pull this map bak to UoX and all the resulting map vi+1 :=
φ−ti+1◦c¯ : Y → UoX the deformation of vi at time ti. The orollary tells us
that the resulting map is τ/2 -good at time ti+1 and d
(
φti+1(vi), φti+1(vi+1)
) ≤
C+ τ
2
. This will sue to guarantee that d(vi, vi+1) ≤ 12i−1 (C+ τ2 ) and hene
the sequene {vi}i∈N onverges uniformly. We will need to x some onstants
to assure that our onstrution has the desired properties.
8.3 Choie of Constants
1. Fix a starting radius r0 > 2 and nd onstants τ and C by Corollary 7.7.
So on big spheres we an deform a submanifold of the sphere by less
than C + τ/2 to get a submanifold whih avoids a τ/2-neighbourhood
of UR. (Keep in mind that τ and C may be saled down).
2. Fix ǫ := τ
20
, so ǫ depends on τ .
3. Dene δ :=
C+ τ
2
ǫ
. Notie that δ does not depend on the hoie of τ ,
sine C/τ and ǫ/τ are onstants. δǫ is a rst estimate of the shield
radius.
4. Fix N ∈ N with
N > 1 +
δ
2
keeping in mind that N is independent of τ . This will be the shrinking
fator we need.
5. By the denition of N we an hoose λ with
δ
N − 1 < λ < 2N − δ.
We need to enlarge the shield radius by λǫ.
6. Dene ∆ > (δ + λ)ǫ.
7. Fix a distane A > 0 as provided by Corollary 5.8 for the Γ-ompat
set Kǫ := UX\WǫUR, the shield radius ∆, the start radius r0 and the
shrinking fator N .
So we need to onsider distanes bigger than A before we an apply
the shrinking property.
8. Fix B˜ > A + 8ǫ and demand that B˜ > r0 + 4ǫ. This is a tehnial
hoie. We have to work with a number bigger than A to assure that
even after small hanges we an still apply the shrinking property.
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9. Notie that for any t the Γ-ompat set φt(Kǫ) onsists of rank one
vetors only and dene 0 < β < 1 by
βǫ < min
t∈[−B˜,B˜]
d(φt(Kǫ),R>).
During our onstrution we do not are what happens at times t ∈
]ti, ti + B˜[. But sine we are only working on the Γ-ompat set Kǫ of
rank one vetors and try to avoid the Γ-ompat set of higher rank,
there is a bound on how lose we an get to R> during a xed time.
Taking the min of t ∈ [−B˜, B˜] instead of t ∈ [0, B˜] is neessary to
assure that after the rst step we will only deal with rank one vetors.
8.4 Constrution of a Ray
Starting with a ontinuous map v0 : Y → UoX from a ompat manifold to
the unit tangent sphere at o and the time t−1 := 0 we onstrut sequenes of
times ti and maps vi : Y → UoX as illustrated in Figure 11.
Suppose vi and ti−1 are given. Dene
ti := min{t ≥ ti−1 + B˜ | dUR(φt(vi(Y ))) ≤ 11ǫ}
and hoose vi+1 to be the deformation of vi at time ti as desribed in Se-
tion 8.2. Notie that ti might equal ∞. In this ase dene vj := vi and
tj := ti−1+(j− i+1)B˜ for all j ≥ i. Our sequenes satisfy for all x ∈ Y and
j ∈ N
10ǫ ≤ dUR(φtj (vj+1)) ( τ2 -good)
d(φtj (vj(x)), φtj(vj+1(x))) ≤ δǫ (by denition of δ)
tj + B˜ ≤ tj+1 (by denition of tj+1)
By the rst inequality
φtj (vj+1) ∈ Kǫ. (12)
We will show that the geodesis γvi(x) are good on the interval [0, ti] and so is
the limit. To do so we need to estimate the distane of the vetor φtj (vj+1(x))
to the geodesis γvi(x)|[0,ti] whih appear later in the sequene (i. e. i > j).
We dene the auxiliatory maps ti,j : Y → R+, whih need not be ontinuous
but are 4ǫ-lose to tj as we will see in Lemma 8.3.
For 0 ≤ k < i− 1 dene ti,k := ti,k(x) by
d(φti,k(vi), φtk(vk+1)) = d(γ˙vi, φtk(vk+1)),
8.5 Properties 89
i. e. φti,k(x)(vi(x)) is a vetor tangent to the geodesi ray γvi(x) whih is losest
to the vetor φtk(vk+1(x)).
19
To shorten notation we will usually write vi,k :=
φti,k(vi) and omit x where possible.
Sometimes we might write ti,i or ti+1,i for ti.
So we know
d(vi+1,k, vk+1,k) = d(γ˙vi+1 , vk+1,k) for 0 ≤ k < i (13)
and (12) translates into
vi+1,i ∈ Kǫ. (14)
Figure 11: Constrution of vi+1,i and ti+1,k
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8.5 The Constrution Has the Desired Properties
So far we know
19
Notie that ti,k(x) might not be unique
90 8. Avoiding Higher Rank Vetors
βǫ < d(vi,i,R>) (15)
d(vi+1,i(x), vi,i(x)) ≤ δǫ for all x ∈ Y (16)
10ǫ ≤ d(vi+1,i,R>) (17)
By (14) and the denition of β we know
βǫ ≤ dR>(φt(vi)) for ti−1 − B˜ ≤ t ≤ ti−1 + B˜ (18)
and by the hoie of ti we know that if ti − ti−1 > B˜ then
11ǫ < dUR(φt(vi)) for ti−1 + B˜ ≤ t < ti. (19)
Lemma 8.1
For 0 ≤ k < i and all x ∈ Y
d(vi,k(x), vk,k(x)) < (δ + λ)ǫ, (20)
d(vi,k(x), vk+1,k(x)) < 2ǫ. (21)
This is illustrated in Figure 11.
Proof of Lemma 8.1: Fix x ∈ Y . By (16) holds (20) for i = k + 1, sine
λ > 0. We will prove it for all k by indution on j := i − k. Suppose (20)
holds for i− k = j. Using the fat that (i+ 1)− (k + 1) = j, we get
d(γvk+1(tk+1), γvi+1) ≤ d(γ˙vk+1(tk+1), γ˙vi+1)
= d(γ˙vk+1(tk+1), γ˙vi+1(ti+1,k+1))
= d(vk+1,k+1, vi+1,k+1)
per ind.
< (δ + λ)ǫ < ∆.
And sine tk+1− tk ≥ B˜ > A we an apply Corollary 5.8 whih yields (notie
that vk+1,k ∈ Kǫ)
d(vk+1,k, vi+1,k) = d(γ˙vk+1(tk+1,k), γ˙vi+1) <
(δ + λ)
N
ǫ ≤ 2ǫ
whih proves (21) for (i+ 1)− k = j + 1 and furthermore
d(vi+1,k, vk,k) ≤ d(vi+1,k, vk+1,k) + d(vk+1,k, vk,k)
≤ δ + λ
N
ǫ+ δǫ
= (δ +
δ + λ
N
)ǫ < (δ + λ)ǫ
thus we have proved (20) for (i+ 1)− k = j + 1. ✷
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Lemma 8.2
For 0 ≤ k < i
2ǫ < dUR(vi,k) (22)
hene we know
vi,k(x) ∈ Kǫ for all x ∈ Y and 0 ≤ k < i. (23)
Proof of Lemma 8.2: Suppose 2ǫ ≥ dUR(vi,k) for some k < i. Then
10ǫ
(17)
≤ dUR(vk+1,k)
≤ d(vk+1,k, vi,k) + dUR(vi,k)
≤ 2ǫ+ 2ǫ = 4ǫ
This is a ontradition. ✷
Lemma 8.3
For 0 ≤ k ≤ i we an estimate ti,k by tk,k as follows:
|tk − ti,k|
{
= 0 if i = k or i = k + 1
≤ 4ǫ if i > k + 1. (24)
Proof of Lemma 8.3: We an nd an estimate for the angle ∡(vi, vk+1) as
illustrated in Figure 12 and thus
ti,k = d(vi, φti,k(vi)) = d(vi, vi,k)
≥ d(vk+1, vk+1,k)︸ ︷︷ ︸
=tk,k
− d(vk+1, vi)︸ ︷︷ ︸
= ∡(vk+1, vi)
≤ arcsin
(
2ǫ
tk
)
< 4ǫ
r0
< 2ǫ
− d(vk+1,k, vi,k)︸ ︷︷ ︸
<2ǫ
≥ tk − 4ǫ
and analogously
tk = tk+1,k = d(vk+1, vk+1,k))
≥ d(vi, vi,k)− d(vk+1, vi)− d(vi,k, vk+1,k)
≥ ti,k − 2ǫ− 2ǫ
= ti,k − 4ǫ.
✷
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Figure 12: Estimation of ∡(vi, vk+1)
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Lemma 8.4
For all i ≥ 1 and all 0 ≤ t ≤ ti
dR>(φt(vi)) > βǫ.
Proof of Lemma 8.4: Suppose dR>(φt(vi)) < βǫ for some 0 < t < ti,i.
First of all t > ti,1, by the denition of β sine vi,1 ∈ Kǫ by (23). Hene there
is a 0 ≤ k < i with
ti,k ≤ t < ti,k+1
and by (19) we even know that k + 1 < i sine β < 11. Sine all vi,k are in
Kǫ by (23), the denition of β yields
ti,k + B˜ < t < ti,k+1 − B˜
(8.3)
≤ tk+1,k+1 + 4ǫ− B˜
< tk+1,k+1 = tk+1,k.
Now
d(φt(vi), φt(vk+1)) ≤ d(φtk+1,k(vi), φtk+1,k(vk+1))
≤ d(φtk+1,k(vi), φti,k(vi))︸ ︷︷ ︸
=|tk+1,k−ti,k |
+ d(φti,k(vi), φtk+1,k(vk+1))︸ ︷︷ ︸
=d(vi,k ,vk+1,k)
L. 8.3≤ 4ǫ+ d(vi,k, vk+1,k)
(21)
< 6ǫ
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and hene for t+ := t + 4ǫ
dR>(φt+(vk+1)) ≤ dR>(φt(vi))︸ ︷︷ ︸
<βǫ
+ d(φt(vi), φt(vk+1))︸ ︷︷ ︸
<6ǫ
+ d(φt(vk+1), φt+(vk+1))︸ ︷︷ ︸
=4ǫ
< (10 + β)ǫ < 11ǫ.
This is a ontradition to (19) sine
tk+1,k + B˜ ≤ ti,k + 4ǫ+ B˜ < t+
< ti,k+1 + 4ǫ− B˜
≤ tk+1,k+1 + 4ǫ+ 4ǫ− B˜ < tk+1,k+1
and hene
tk+1,k + B˜ < t+ < tk+1,k+1.
✷
Lemma 8.5
For any 0 ≤ k < i
d(vi+1,i−k(x), γ˙vi(x)) ≤
δ
Nk
ǫ for all x ∈ Y.
Proof of Lemma 8.5: We prove this by indution over k.
For k = 0 the inequality beomes d(vi+1,i, γ˙vi) ≤ δǫ whih holds by (16).
Now suppose for some 0 ≤ k < i− 1 that
d(vi+1,i−k, γ˙vi) ≤
δ
Nk
ǫ.
We want to apply Corollary 5.8. To this end we have to estimate d(γvi+1,i−k−1(A), γvi)
to see that d(vi+1,i−k−1, γ˙vi) is less than
1
N
-times this distane.
Reall that
ti+1,i−k − ti+1,i−k−1
L. 8.3≥ B˜ − 8ǫ (8)> A
to get
d(γvi+1,i−k−1(A), γvi) ≤ d(γvi+1,i−k−1(ti+1,i−k − ti+1,i−k−1)︸ ︷︷ ︸
=p(vi+1,i−k)
, γvi)
≤ d(vi+1,i−k, γ˙vi)
≤ δ
Nk
ǫ < ∆.
94 8. Avoiding Higher Rank Vetors
We know by Lemma 8.2 that vi+1,i−k−1 ∈ Kǫ and hene Corollary 5.8 an be
applied:
d(vi+1,i−k−1, γ˙vi) <
1
N
δ
Nk
ǫ =
δ
Nk+1
ǫ.
✷
Proposition 8.6
The sequene (vi)i of maps Y → UoX onverges uniformly to a map v∞
whih is
δ
N(N−1)
ǫ-lose to the original map v0 and with the property
dR>(φt(v∞(x))) ≥ βǫ (25)
for all t ≥ 0 and x ∈ Y .
Proof of Proposition 8.6: By Lemma 8.5 we know that (set k := i− 1)
d(vi+1,i, γ˙vi) ≤
δ
N i−1
ǫ
We an therefore estimate d(vi+1, vi) as illustrated in Figure 13. We need the
Figure 13: Estimation of d(vi+1, vi)
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to onlude by omparison to a at triangle
d(vi, vi+1) = ∡(vi, vi+1)
≤ arctan
(
δ
N i−1
ǫ
1
)
≤ δ
N i−1
ǫ.
The sequene of distanes d(vi, vi+1) is summable sine N > 1 and hene the
vi onverge to some v∞ whih is
∑
d(vi, vi+1) =
Nδ
N−1
ǫ-lose to v0. Sine the
estimation of d(vi, vi+1) is independent of x the onvergene is uniform and
v∞ is ontinuous. Property (25) is evident from Lemma 8.4. ✷
Summing up the results of Setion 8 we get the following Proposition on the
existene of rays avoiding R>.
Proposition 8.7 (Summary)
Let X denote a rank one Hadamard manifold with ompat quotient M =
X/Γ. Suppose s-dim(R>) < dimX−1 then there are onstants ǫ and c suh
that for any η < ǫ there is an η′ < η for whih the following holds:
For any ompat manifold Y with
dimY < dimX − s-dimR>
and any ontinuous map v0 : Y → UoX from Y to the unit
tangent sphere at a point o ∈ X we an nd a ontinuous map
v∞ : Y → UoX whih is cη-lose to v0 and satises
d(R>, φR+(v∞)) ≥ η′.
Proof of Proposition 8.7: Take all the onstants we had before. Note
that by denition δ and N are independent of ǫ. So we an dene a global
onstant c := δ
N(N−1)
(ompare Proposition 8.6). However, β, B˜, A and ∆
depend on ǫ. So given η < ǫ we have to go through the denitions of these
variables again, where we replae ǫ by η. Denote the resulting onstants by
a hat and write η′ := βˆη to get the desired result. ✷
If we start with just one vetor and want to nd a single ray avoiding R> we
an apply Proposition 8.7 for the ase dim Y = 0.
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Corollary 8.8
Let M denote a ompat manifold of nonpositive urvature with
s-dimR> < dimM.
Then there are onstants ǫ and c suh that for any η < ǫ there is an η′ < η
for whih the following holds:
For every vetor v ∈ UM there is a geodesi ray γ in M starting in the
same base point with initial diretion cη-lose to v and avoiding an η′-
neighbourhood of R>. Or short
γ(0) = p(v) d(v, γ˙(0)) < cη d(R>, γ˙(R+)) > η′.
Notie that Corollary 8.8 works for surfaes if and only if there are only
nitely many geodesis of higher rank and these are all losed. In this ase
these geodesis are the totally geodesi s-support of R>.
9 From Rays to Geodesis
We have seen that any manifold of diretions in one point an be deformed
into a manifold whih onsists of diretions of geodesi rays that do not ome
lose to any vetor of higher rank. In this setion we will use a topologial
argument to nd a whole geodesi through that point. In fat, for every small
τ we will nd a small ǫ suh that in every ǫ-neighbourhood of a given vetor
v there is geodesi through the base point of v that avoids a τ -neighbourhood
of all vetors of higher rank. Sine we are using a dimensional argument, the
proof works only for manifolds where the set R> of all vetors of higher rank
has small s-dimension.
Theorem 9.1
Let X denote a rank one Hadamard manifold with ompat quotient M , and
suppose that
s-dim(R>) < dimX
2
.
Then there are onstants ǫ and c suh that for any η < ǫ there is an η′ < η
with the following property:
For every vetor v0 ∈ UX there is a cη-lose vetor v with the same base
point suh that γv avoids an η
′
-neighbourhood of all vetors of higher rank.
Proof of Theorem 9.1: The main ingredients for this proof are Proposi-
tion 8.7 and some intersetion theory (e. g. [GP74℄).
Start with the onstants from Proposition 8.7. Given any vetor v0 ∈ UpX we
an nd two great spheres Y1, Y2 in UpX of dimensions
20 dimY1 =
[
dimX−1
2
]
and dimY2 =
[
dimX
2
]
whih interset transversally in v0 and −v0. By the
ondition on the s-dimension of R> we have dim(Yi) < dimX − dimR for
i = 1, 2, where R is an s-support of R>. Applying the proposition we an
homotope Y1 and Y2 into cη-lose submanifolds Yˆi whih onsist only of initial
vetors of geodesi rays avoiding an η′-neighbourhood of R>. The interse-
tion number of simplies is invariant under homotopies. So the intersetion
number of Yˆ1 and −Yˆ2 is the same as that of Y1 and −Y2. But sine the
points of intersetion are (for η small enough) muh farther apart then the
displaement by the homotopy the two points of intersetion v0 and −v0 an
not anel out. Hene there are at least two points of intersetion of Yˆ1 and
−Yˆ2. Pik the one cη-lose to v0 and all it vˆ. Sine vˆ ∈ Y1 we know that
γ˙vˆ(R+) avoids an η
′
-neighbourhood of R>. Sine −vˆ ∈ Y2 we know that
the same applies for γ˙−vˆ(R+) = −γ˙vˆ(R−). Now notie that the set R> is
symmetri - if w ∈ UqX is of higher rank, then so is the vetor −w ∈ UqX .
20
Reall the denition of the Gauss braket: For x ∈ R the largest integer less or equal
to x is denoted by [x].
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Therefore γ˙vˆ(R−) avoids an η
′
-neighbourhood of R>, too. ✷
An easy onsequene of Theorem 9.1 is
Theorem 9.2
Let M be a ompat manifold of nonpositive urvature. Suppose the s-
dimension of the set of vetors of higher rank R> is bounded by
s-dim(R>) < dimM
2
.
Then for every ǫ > 0 there is a losed, ow invariant, full, ǫ-dense subset Zǫ
of the unit tangent bundle UM onsisting only of vetors of rank one.
Remark 9.1
1. R> is ow invariant, sine the rank is a property of the geodesi. There-
fore whenever p(R>) is a stratied subset of M then
s-dimR> = dim p(R>).
2. If R> is not empty then the s-dimension of R> is at least one, this
being the ase when all the higher rank vetors are tangent to a nite
number of periodi geodesis of higher rank. So the rst dimension of
a manifold where our theorems yield a result is in dimension three i
p(R>) is a nite union of losed geodesis.
3. The set onstruted in Theorem 9.2 is not only ǫ-dense, but ǫ-dense on
every bre UoM .
Appendix
A Basis
The aim of this appendix is to give an overview of the theory of manifolds
and Riemannian manifolds without going into detail. Most of the notation
and the theory introdued here is taken from the book by Sakai [Sak96℄.
Please take a look at this very nie and onise book if you are interested in
the theory in more detail.
Manifold
Suppose M is a seond ountable, Hausdor, topologial spae.
A pair (U, φ) is alled an n-dimensional hart of M if φ : U → Rn is a home-
omorphism from an open subset U ⊂ M onto the image φ(U). In this ase,
U is alled a oordinate neighbourhood. If vi denotes the i-th oordinate
of v ∈ Rn then the maps xi : u 7→ φ(u)i are alled loal oordinates for
the oordinate neighbourhood U .
A olletion A of harts is alled an atlas of M if the oordinate neighbour-
hoods of the harts over all of M .
Denition A.1
An n-dimensional, topologial manifold M is a seond ountable, Haus-
dor, topologial spae equipped with an atlas.
Suppose we have two harts C1 := (U1, φ1) and C2 := (U2, φ2) in the atlas A.
If U1∩U2 6= ∅ then we an dene the oordinate transformation from C1 to
C2 to be φ2◦φ−11 : φ1(U1∩U2)→ φ2(U1∩U2). A topologial manifold is alled
a smooth (resp. real analyti)manifold if all oordinate transformations
of its atlas are smooth (resp. real analyti). For every atlas we an dene
the maximal atlas, that is the set of all harts for whih the oordinate
transformations to and from the harts of the atlas are smooth (resp. real
analyti).
Remark A.2
A speial ase are open subsetsM of Rn or of nite dimensional vetor spaes.
The inlusion into Rn is a hart whih is an atlas sine it overs all of M .
Universal Covering
For every manifold M there is a overing π : X →M by a simply onneted
manifold X . This manifold is unique up to equivalene of overings. Fur-
thermore any overing ψ : Y → M an be overed by the universal over X
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via a overing map Ψ : X → Y suh that π = ψ ◦ Ψ. This is due to the
fat that every overing of M orresponds to a subgroup of the fundamental
group π1(M) of M . (rf. [Bre93, III.8℄) The unique overing φ : X → M is
alled the universal overing of M . Very often, the universal overing is
denoted by M˜ .
Tangent Bundle
A map f : M → N between two smooth (resp. real analyti) manifolds is
alled smooth (resp. real analyti) in p ∈M if for all harts (U, φ) ∈ A(M)
with p ∈ U and (V, ψ) ∈ A(N) with f(p) ∈ V the map ψ ◦ f ◦ φ−1 is smooth
(resp. real analyti) in φ(p).
f is alled smooth (resp. real analyti) if it is smooth (resp. real analyti)
in every point.
Write F(p) for the set of all germs21 of smooth real valued funtions f :
U → R dened on an open neighbourhood U of p in the smooth manifold
M . This is an R-algebra.
A map X : F(p) → R is alled a derivation of F(p), if it satises for all
a, b ∈ R and f, g ∈ F(p)
X(af + bg) = aX(f) + bX(g) (26)
X(fg) = f(p)X(g) + g(p)X(f). (27)
The set of all derivations of F(p) is alled the tangent spae of M at p, is
denoted by TpM and arries the struture of a vetor spae in a natural way.
Notie that by the above properties Xf depends only on the behaviour of f
on a neighbourhood of p22. Therefore we only onsidered germs of funtions.
We introdue the tangent bundle TM :=
⋃
p∈M
TpM and the base point
projetion p : TM → M whih is dened by p(X) = p whenever X ∈
TpM . The tangent bundle arries the struture of a 2n-dimensional smooth
manifold.
For any smooth urve c : I →M we dene the tangent vetor c˙(0) to c in
p := c(0) to be the derivation of F(p) dened by
c˙(0) : f 7−→ ∂
∂t
∣∣
t=0
f ◦ c(t).
21
We get the set of germs by onsidering all funtions whih are dened on a neigh-
bourhood of p and identifying two of them if they are idential on a (maybe smaller)
neighbourhood of p.
22
First of all notie that Xf = 0 if f |U ≡ 0. This is easy to see, sine we an nd
g ∈ F(p) with g(p) = 0 and gf ≡ f . Hene X(f) = X(gf) = f(p)X(g) + g(p)X(f) = 0.
By linearity we see that Xf = Xf˜ whenever f and f˜ agree on a neighbourhood of p.
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Notie that every element of TpM an be realised as tangent vetor to a
smooth urve.
For a smooth map f : M → N we dene dpf : TpM → Tf(p)N , the dier-
ential in p, by
dpf(X)g := X(g ◦ f) for X ∈ TpM g ∈ F(f(p))
and the dierential df : TM → TN to be the olletion of the dpf . Eah
of the dpf is a linear map between vetor spaes, df is a smooth map between
smooth manifolds. Notie that the hain rule applies: Given smooth maps
L
f→ M g→ N and p ∈ L we have dp(g ◦ f) = df(p)g ◦ dpf .
Remark A.3
Consider again the ase where M is an open subset of V ≡ Rn. For every
p ∈M we an identify V with TpM by assigning to v ∈ V the derivation
v : F(p) −→ R
f 7−→ d
dt
∣∣∣
t=0
f(p+ tv)
In the speial ase where we have an open interval of the real line, I :=]a, b[⊂
R, a smooth map c : I → M is alled a urve in M . The dierential map
dtc : TtI ≡ R → TM is easily understood if we note that dtc(λ) = λdtc(1)
and dtc(1) =: c˙(t) is given by
c˙(t) : F(c(t)) → R
f 7→ ∂
∂s
∣∣
s=t
f ◦ c(s).
Vetor Fields
A smooth map X : M → TM satisfying Xp ∈ TpM for all p ∈M is alled a
smooth vetor eld on M . We denote the spae of all vetor elds on M
by X(M). This is a vetor spae (even F(M)-module), the spae of setions
of the vetor bundle p : TM →M .
A vetor eld X ats as a derivation23 of F(M), the vetor spae of
dierentiable funtions on M by assigning to f ∈ F(M) the funtion
23
I. e. for all a, b ∈ R and f, g ∈ F(M)
X(af + bg) = aXf + bXg and X(fg) = fXg + gXf.
102 Appendix
Xf : p 7→ Xpf .
We dene the braket on X(M) by
[X, Y ]f := X(Y f)− Y (Xf) for all X, Y ∈ X(M) and f ∈ F(M)
whih has the following properties:
[X, Y ] = −[X, Y ]
[fX, Y ] = f [X, Y ]− (Y f)X
[X + Y, Z] = [X,Z] + [Y, Z]
[X, [Y, Z]] = [[X, Y ], Z] + [Y, [X,Z]] (Jaobi Identity)
and hene (X(M), [., .]) is a Lie algebra.
A linear onnetion ∇ on the tangent bundle p : TM →M is a map
∇ : X(M)× X(M) −→ X(M)
(X, Y ) 7−→ ∇XY
suh that for all X, Y, Z ∈ X(M) and f, g ∈ F(M)
∇fX+gY Z = f∇XZ + g∇YZ
∇X(Y + Z) = ∇XY +∇XZ
∇X(fY ) = (Xf)Y + f∇XY.
∇XY is alled the ovariant derivative of Y via X . Notie that (∇XY )p
depends only on Xp and on the behaviour of Y in a small neighbourhood of
p.24
24
Fix a F(M)-basis Ei of X(M). Then there are funtions xi ∈ F(M) with X =
∑
xiEi.
We see
(∇XY )p = (
∑
xi∇EiY )p =
∑
xi(p)(∇EiY )p
and sine the Ei and Y are independent of X the term depends only on the oeents of
Xp =
∑
xi(p)Ei(p).
Suppose Y vanishes on a neighbourhood U of p. In this ase we an nd f ∈ F(p) suh
that f |U = 0 and Y = fY . Notie that (X(f))p = 0 in this ase. Now
(∇XY )p = (∇X(fY ))p = (X(f))pY + f(p)︸︷︷︸
=0
(∇XY )p = 0
and by linearity we see that (∇XY )p depends only on the loal behaviour of Y
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Curvature
For any linear onnetion ∇ we dene the urvature tensor
R : X(M)× X(M)× X(M)→ X(M)
by R(X, Y )Z := ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z
or (R(X, Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ] : X(M)→ X(M)).
The torsion tensor T : X(M)×X(M)→ X(M) of the linear onnetion ∇
is dened by T (X, Y ) := ∇XY −∇YX − [X, Y ]. The onnetion ∇ is alled
torsion free, if T ≡ 0.
The Rii tensor Ric(X, Y ) ∈ R is dened for X, Y ∈ TpM by
Ric(X, Y ) := trace (Z → R(X, Y )Z) ,
sometimes with the fator
1
n−1
. The Rii urvature is easily dened by
Ric(X) := Ric(X,X)
but usually only used for vetors of norm one in the Riemannian ase (see
below).
Parallel Transport
Consider a smooth urve c : I → M . A vetor eld along c is a smooth
map X : I → TM with X(t) ∈ Tc(t)M . We often write Xc(t) or Xt for X(t).
The vetor spae of vetor elds along c is denoted by X(c). Notie
that loally any vetor eld along a urve with c˙ 6= 0 an be extended to a
vetor eld on a neighbourhood of c.
Every vetor eld Y ∈ X(M) denes a vetor eld along c, namely Y ◦ c. It
is easy to show that the vetor eld t → (∇c˙Y )c(t) depends only on Y ◦ c.
Hene we an dene the ovariant derivative along c as a map
∇
dt
: X(c)→ X(c)
dened by
∇
dt
Y := (∇c˙Y˜ )◦c, where Y˜ ∈ X(M) is a vetor eld with Y = Y˜ ◦c.
A shorter way to denote
∇
dt
Y is to write Y ′, if there is no danger of onfusion.
A vetor eld Y along a urve c is alled parallel if ∇
dt
Y ≡ 0. For every vetor
v ∈ Tc(t)M there is exatly one parallel vetor eld P along c with Pc(t) = v.
We dene the parallel transport of v along c|[t,s] by c‖stv := Pc(s). This is
an isomorphism of vetor spaes c‖st : Tc(t)M → Tc(s)M . We write P(c) for
the vetor spae of parallel vetor elds along c.
104 Appendix
A urve c : I → M is alled a geodesi if its veloity eld c˙ : I → TM is
a parallel vetor eld along c, i. e. if ∇
dt
c˙ ≡ 0 (or ∇c˙c˙ ≡ 0)25. By parallel
transport we an see that for every v ∈ TM there is a unique maximal
geodesi c with c˙(0) = v. We denote this urve by γv. Obviously
γv(0) = p(v) γ˙v(0) = v
γv(t) = p(c‖t0v) γ˙v(t) = c‖t0v.
With parallel transport and geodesis we an dene the geodesi ow
φ : R× TM −→ TM
(t, v) 7−→ φt(v) := γ˙v(t).
Riemannian Metri
A smooth Riemannian metri g on a smooth manifold assigns to every
point p ∈M an inner produt gp on the tangent spae TpM at p, suh that
for all smooth vetor elds X, Y ∈ X(M) the map g(X, Y ) : p 7→ gp(Xp, Yp)
is smooth. Instead of g we will usually denote the Riemannian metri by
〈., .〉 and the inner produt on TpM by 〈., .〉p.
Theorem A.3 (Levi/Civita)
There is a unique linear onnetions ∇ on the tangent bundle p : TM →M ,
suh that for all X, Y, Z ∈ X(M)
[X, Y ] = ∇XY −∇YX (torsion free)
X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉. (metri)
This onnetion is alled the Levi-Civita onnetion and is dened by
〈∇XY, Z〉 = 1
2
(
X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X, Y 〉
+ 〈[X, Y ], Z〉 − 〈[Y, Z], X〉+ 〈[Z,X ], Y 〉
)
In general we will only onsider the Levi-Civita onnetion and so e. g. if
we talk about the urvature tensor it will always be the urvature tensor
obtained from the Levi-Civita onnetion.
We dene the gradient ∇f ∈ X(M) of a funtion f ∈ F(M) by
〈∇f,X〉 = Xf for all X ∈ X(M).
25
Notie that there is a dierent denition for geodesis in metri spaes (see below).
However for Riemannian manifolds equipped with the Levi-Civita onnetion both deni-
tion oinide.
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The Hessian Hf is dened by
Hf(X, Y ) := 〈∇X∇f, Y 〉 = XY f − (∇XY )f.
The divergene divX of a vetor eld X ∈ X(M) is dened by
divX := trace(Y 7→ ∇YX)
The Laplaian ∆f ∈ F(M) of a funtion f ∈ F(M) is dened by
∆f = − trace(Hf) = − div(∇f)
Riemannian Curvature
For manifolds with a linear onnetion we explained the urvature tensor R
before. Now with the salar produt on TpM we an introdue the setional
urvature.
For a two-dimensional subspae σ of TpM hoose a orthonormal basis {u, v}.
The setional urvature Kσ of σ is dened by
Kσ := 〈R(u, v)v, u〉
whih does not depend on the hoie of our orthonormal basis. In fat for
any two non-ollinear vetors u, v ∈ TpM we have
K(u, v) := Kσ =
〈R(u, v)v, u〉
‖u‖2‖v‖2 − 〈u, v〉2
where σ = span(u, v). In the ase of a two-dimensional manifold the tangent
spae in every point is two-dimensional and hene we an assign the urvature
to the point. This urvature is usually alled the Gaussian urvature. For
higher dimensional manifolds the urvature tensor an be expressed by the
setional urvature.
If we x an orthonormal basis {ei}i=1..n of TpM we get nie expressions for
the Rii urvature.
Ric(X, Y ) =
∑
〈R(ei, X)Y, ei〉 (Rii Tensor)
Ric(X) =
∑
ei 6=X
K(X, ei) (Rii Curvature)
Furthermore we an dene the salar urvature K : M → R by
K(p) :=
∑
Ric(ei)
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whih is the trae of the symmetri bilinear form Ric and hene independent
of the hoie of the orthonormal basis.
Sometimes the Rii tensor diers from this denition by a fator of
1
n−1
.
In this ase the salar urvature is usually dened by
1
n
∑
Ric(ei) and hene
diers by the fator
1
n(n−1)
.
Throughout this thesis we will only onsider manifolds of nonpositive urva-
ture. That means for any two-dimensional subspae σ of any tangent spae
TpM we have Kσ ≤ 0.
Geodesis
Given the Riemannian metri we an dene the length of any pieewise
smooth urve c : [a, b]→M by
L(c) :=
b∫
a
‖c˙(t)‖dt
where ‖u‖ := √〈u, u〉 denotes the norm assoiated to the salar produt
〈., .〉. A urve c is said to be parametrised by ar length, if ‖c˙(t)‖ ≡ 1.
In this ase L(c) = |b− a|.
We dene a metri on M by introduing the distane d(p, q) between two
points p, q ∈M :
d(p, q) := inf{L(c) | c : [a, b]→M smooth, c(a) = p and c(b) = q}.
(M, d) is a metri spae, i. e. for all p, q, r ∈M
d(p, q) ≥ 0 and (d(p, q) = 0 implies p = q) (positivity)
d(p, q) = d(q, p) (symmetry)
d(p, r) ≤ d(p, q) + d(q, r). (triangle inequality)
Now we want to nd urves that are the shortest onnetions between two
given points. To this end we need to onsider variations.
A smooth variation is a smooth map h : I × [a, b]→M, (s, t) 7→ h(s, t) =:
hs(t). The urves hs : [a, b] → M are onsidered neighbouring urves of the
urve h0. The variation is alled a variation of h0.
Every variation denes a vetor eldXt :=
∂
∂s
∣∣
s=0
h(s, t) along h0. This vetor
eld is alled variational vetor eld of h. For every vetor eld X along
a urve c we an nd a variation h suh that h0 = c and X is the variational
vetor eld of h.
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A variation h of a urve c : [a, b] → M is alled proper if hs(a) = c(a) and
hs(b) = c(b) for all s ∈ I. In this ase the variational vetor eld vanishes
in c(a) and c(b). On the other hand for every vetor eld that vanishes at
the end points we an nd a proper variation suh that the vetor eld is its
variational vetor eld.
The variational vetor elds gives us informations about the behaviour of the
lengths Ls := L(hs). Namely if c = h0 there is the rst variation formula
L′(s) = −
∫ b
a
〈
X(t),
∇
dt
c˙(t)
‖c˙(t)‖
〉
dt+
〈
X(b),
c˙(b)
‖c˙(b)‖
〉
−
〈
X(a),
c˙(a)
‖c˙(a)‖
〉
.
This formula holds for the Levi-Civita onnetion. Sine this onnetion is
torsion free we have
∇
∂s
∂
∂t
h =
∇
∂t
∂
∂s
h and hene
[
∂
∂t
h,
∂
∂s
h
]
= 0.
Remark A.4
It is possible to onsider pieewise smooth variations. We then get speial
terms belonging to points of indierentiability. For our purposes, however,
it will be suient to onsider smooth variations.
Considering only proper variations we see that a neessary ondition for a
urve to be the shortest onnetion from c(a) to c(b) is
〈
X(t), ∇
dt
c˙(t)
‖c˙(t)‖
〉
≡ 0
for all t ∈ [a, b]. Sine this must hold for all variational vetor elds we nd
∇
dt
c˙(t)
‖c˙(t)‖
≡ 0.
I. e. every shortest urve onneting two points (if suh a urve exists) is a
geodesi up to parametrisation.
In general we will only onsider manifolds where the shortest onneting
urve between any two points exist. By the following theorem this holds
whenever the underlying metri spae is omplete.
Theorem A.4 (Hopf/Rinow)
The following onditions are equivalent for a onneted Riemannian manifold
(M, g).
1. Every Cauhy-sequene in (M, d) onverges.
2. There is a point p ∈M suh that every geodesi emanating from p an
be extended to R.
3. Every geodesi in M an be extended to R.
4. Any losed ball B¯r(p) := {q ∈M | d(p, q) ≤ r} is ompat.
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Any of these implies
5. Any two points inM an be joined by a geodesi realising the distane.
Denition A.2
The properties mentioned in Theorem A.4 are named:
1. (M, d) is a omplete metri spae.
2. (M, g) is geodesially omplete in p.
3. (M, g) is geodesially omplete.
4. (M, d) is proper.
5. (M, d) is a geodesi spae.
We will only be interested in omplete manifolds. On a omplete manifold
we an dene the exponential map exp : TM → M by exp(v) := γv(1).
Write expp for the restrition of exp to the tangent spae TpM . The inje-
tivity radius in a point p ∈ M is the largest number ι > 0 suh that expp
is injetive on the ball
{u ∈ TpM | ‖u‖ ≤ ι}.
Jaobi Fields
Consider a variation h of a geodesi γ = h0. If all hs are geodesis then the
variational vetor eld X will satisfy the Jaobi equation
X ′′ +R(X, γ˙)γ˙ ≡ 0
as the following alulation shows.
X ′′ =
∇
∂t
∇
∂t
∂
∂s
h
=
∇
∂t
∇
∂s
∂
∂t
h
= R(
∂
∂t
h,
∂
∂s
h)
∂
∂t
h+∇[ ∂∂th, ∂∂sh]
∂
∂t
h+
∇
∂s
∇
∂t
∂
∂t
h︸ ︷︷ ︸
=∇
∂t
h˙s
= −R( ∂
∂s
h,
∂
∂t
h)
∂
∂t
h
= −R(X, γ˙)γ˙
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Notie that
∇
∂t
= ∇ ∂
∂t
h and
∇
∂s
= ∇ ∂
∂s
h and that
∇
∂t
h˙s = 0 sine the hs are
geodesis.
Any vetor eld along γ satisfying the Jaobi equation will be alled a Jaobi
eld and in fat every Jaobi eld gives rise to a variation of γ onsisting
only of geodesis.
Denote by J(γ) the vetor spae of all Jaobi elds along the geodesi γ. This
is a 2n-dimensional vetor spae and an be identied with Tγ(0)M × Tγ(0)M
sine for every hoie of v, w ∈ Tγ(0)M there is a unique Jaobi eld X along
γ with X0 = v and X
′
0 = w.
J(γ) is the diret sum of the vetor spaes of orthogonal and parallel Jaobi
elds J⊥(γ) and J‖(γ). For any Jaobi eld X the longitudinal omponent
X‖ := 〈X,γ˙〉
‖γ˙‖2
γ˙ and the orthogonal omponent X⊥ := X −X‖ are both Jaobi
elds. It is easy to see that J‖(γ) = {t→ (x+vt)γ˙(t) | x, v ∈ R}. Suppose we
have a variation h onsisting entirely of geodesis of the same speed (‖h˙s‖ =
const.). In this ase X‖ = xγ˙ sine
〈X ′, γ˙〉 = 〈∇
∂t
∂
∂s
h,
∂
∂t
h〉
= 〈 ∇
∂s
∂
∂t
h,
∂
∂t
h〉
=
1
2
d
ds
‖h˙s‖2 = 0.
Given this variation we an dene a variation by f(s, t) := h(s, t− xs) with
variational vetor eld in J⊥(γ) and fs ≃ hs up to parametrisation. Sine
we are only interested in geodesi variations with geodesis of onstant speed
we will only have to deal with orthogonal Jaobi elds. Notie further that
for a geodesi variation (of onstant speed) with xed starting point the
variational vetor eld is always an orthogonal Jaobi eld.
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